A Fuzzy Multilevel Mathematical Programming

M. Abdel- Aaty Maaty
Faculty of Science, Cairo University, Fayuom Branch, Egypt.

Keyworkks:

Multilevel programming, Fuzzy programming

Abstract:

This paper gives an overview on a technique for solving single objective
or multiobjective mathematical programming with fizzy parameters in the
objective functions, under the presentation of multi- decision makers in different
hierarchy level (decentralized decision making situation); where the Yigher level

in the hierarchy can only influencé aprather than dictate the choices of the lower

level.
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1- Introduction

The use of mathematical programming in decision making has a long
been restricted to problems with either single overriding objective, or a variety
of objective dealt with striving toward all of them simultaneously. All obje;ctives
are assumed to be those of single decision maker (DM) who has control overall
‘decision variables [6], [8].

The single- level can be visualized as a centralized decision making
system where the hgihest level in the hierarchy (headquarters, top management,
or government) has enough pewer to dictate the decision and have them
executed by lower levels (subordinates, subunite or individuals).

A more realistic formulation, however, would recognize the role of
lower level as a patt of the decision proccess rather than confining them within
the execution of the orders of their superiors. A multilevel linear programming
(MLP), a nested optimization problem, emerged as the appropriate model to
formuiate such decentralized decisio making where the higher' Jevel in the
hierarchy take into account the reaction of the lower level decision makers when

the impact of their decision is too important to be ignored [7].

This paper also, presents the concept that use the fuzzy set theory [1],

[2], [4], [5] to solve such.problem:in order-that the obtained results from using = -

mathematical programming techniques could be used with a higher degree of

confidence.
2- Problem Formulation: - .

A fuzzy multilevel linear programming (FMLP) is similar to standard

fuzzy linear- programming -(FLP), except that the constraint region is modified -

by including a defined linear objective function; it is a.nested optimization model

involuing multiple n problems the first is the upper one and the ath is the lower

one [7]. The general form of (FMLP) can be defined as
EMLP (1): '
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where T, € ,...,C ,i=12,..,n are a vector of fuzzy
parameters and b is a constant vector; Gi (X1, Xz, ..... Xo) i=1,2,....,nare

constraints functions; (x|, Xz, ....., X) are vectors of decision variables for each

level; fi, £, ...., f, are the objective fun~" nding to each decision

maker (level) respectively (the un~ .auwcttve is often referred to as the

objective of FMLP problem, while the lower objective is considered as just a
constraints). Formulation FMLP visualizes an organizational hierarchy in which
n decision makes have to improve their strategies organizational hierarchy in

which n decision makes have to improve their strategies from jointly dependent

set
S={(x) Aixi<h,x;20,1=1,2,...,n).
The first decision maker who has control over x; make his decision first, then

fixing x, = x,° before the second DM select x, and then the resulting problem
for the second DM is:

FMLP (2):
Xx)= T x"+EP x, +.....+ T x,

|
-
-
-
Y
~

ngax f, (X7, X;, .-

where Xn.1 Solves
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. 0 : e =) 0 o (n-) g (n-1)
pax f (X, X,, .sX,) = T X, + G, X, + ... + ¢,
e
where Xo solves
o o, e () ) s
max f, (X}, Xpy s X, ) = VX + 67 X, + .+ T X,

subject to
Gi (X|0, X2y veees X“) < b,
X]o, X2, veeey Xn 2 0

and then fixing x; = x, bfore the third DM select x; and so on to the nth

decision maker.

Definition 2.1: (memborship)

A real fuzzy number P is a convex continuous fuzzy subset of the real

line whose membership function p (P)) is defined by

1- A continuous mapping from R to the closed interval [0,1]
2- us (P)=0forallp € (- 0, P}

3- Stricyly increasing on [Py, P;]

4- ny (P) =1 forallp e [Py, P5]

5- Strictly decreasing on [Ps, Py]

6- py (P)=0forallp € [Py, )

figure (2.1) illustrate the graph of the possible shape of membership function of

a fuzzy nuber P 4
P

0 Pi PZ PJ P4

Figure (2.1) membersiungp function of fuzzy number P
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Beflnltion (2.2): ( - cut)
The a~ level set (0- cut) of the fuzzy numbers T, is defined as the
ordinary set L, (T) for which the degree of their membership function exceeds

the level oo where 1

L, (%)= {d 1T (C)2 )
3- Deterministic Form for (FMLP) Problem

It this neclion the determinstic form for the fuzzy miltilevel linear:
mltilevel linear programming problem (o0 - FMLP) is detmined and then a
technique for determining its corresponding solutions also prroposed as: -
For the first level (first DM).
o~ FMLP (1):

mAX £, (X, X, .X,) = ¢ x, +¢,” x, +..... +¢,® x,°
where (X2, X3, ..., Xu) Solves
max f, (X, X35 oosX,) = €7 Tx, o +c” x)
where Xn-1 solves
b fo(Xps Xy X)) = ¢ x, 46, x, + i + e,
where Xn solves
max f, (x,, X,, ..,%,) = ¢ %, + ¢, x, +...+¢" x,°
sub;ect to
Gi (x4, X2, wvoy X0) S b,
siscV< T
Xiy X2y ceesy Xg = 0
For the second level (second DM)
o~ EMLP (2):
X)) = ¢ x4+, x, +....+¢6,7 x,

! 0
n;(azx f, (x;, X5, ...

where X,.1 Solves
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n-1
where Xp solves
® — (n) [} (n) {n)
ax f(X), X5 -.5X,) = € X, +C, 0 X, .. +c, " X,
n

subject to
Gi ()", X2, ..., Xa) £ b,
Si < Ci(z) < T,
0
X1y X2y ooy Xpy 20
and so on to the ntll decision maker (level).
Then the Kulum- Tucker conditions for the above muitilevel mathematical

programming model at the point (Yl, X, peenees ?“) and the coefficient

(C, v Chririis Cn) can be determined as:
oL, (X8 % b v, 1) _ o
ox, I
JdL, ('i X, A, v, u)
=0 ,
oc
oL, (X, T, A, ¢, w, 1) o
0x, ’
0L, (%5 % v, 1) _ o
dct? 7
oL, (X, A b, w, 1) 0
ox, o
oL, (X T, A ¢, v, )
dc™ =0
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(g GJXJ—bJ <0

(Z G, (X,)- b] =0

o7 (S - <) =0 , i=0,2..,n,

yI(c® -T") =0, i=12..m,

oT(S® —c®) =0 , i=L2...n,

yi(e® -T®) =0, i=42..,1, _/
o1 (S -e™) =0, =12 | “

yi (e - T®) =0, i=1,2...n,

B x=0x20,i=12,...,0,

where

Li(x, ¢, A 0, v, 1) =

£ (0 ke 0,) + 500 (36, (%) - b) +3 %40

T(Sg.i) C(J)) + Z Z W(J) T( (3} Ti{i)) + p;f X,

4- An illustrative Example
Consider the following fuzzy Multilevel programming problem, the
example formulate in bilevel programming form to clarify the idea; so it takes

the formv

FMLDP:

| max f, (x,y)=c"x+cly,
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wh

ere y solves

maxf, (x, y) =cPx+cy ,
y

subject to

x+tyz4,

x+2y26,

S,

<CYW<T |

) 1
l<c <,

<sC® <1,

<Cc¥ <1 |

x,y=20

and the corresponding lagrangian functions [3] for «- EMLP is

Li(xy,¢,M)=
(9 x + 0¥y) =N (x+ y—4) = &} (x + 2y ~ 6) = M, (T - c!")
=N, (e =81 = N (e - 8)) - ¥, (17 - ng))_j x (e - 8?)

=N, (T2 = ) = %, (o - 1) = Wy x = My, j=12

Then the corresponding Kuhn- Tucker are

oL,
ox

oL,
acl!

—2 = - -M =0

=X+7\.‘_‘;-KI4=O ’
=X, -A =0 ,
A A =0 :

oL

—L =N -2, -, =

oy

aL,
dcl

oL,
dct?
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K (T -c) =0
A m _
A (T,j — CM) =0 | (Cl S:) B
2 A (P - 8y) =
x, (T2 = ) =0 g
i ( 2
lig (Tz_c(z))—o ls (Clz}—s|)=0 3 J=1’2’
2 2 - |
N, X ~ 0 Mo (e =83) =0, j=12
xj
(x+y-4) =20 " I
(T:“cfl)) y (x +2y-6) =0,
| | (cE” S}) =0
(T2 - c(z)) =0 |
(le _ CEZ)) ~ (T2 C(lz)) =0 >
s s o
2 B
i L -e) =0

andx>0,y20, AL >0
, =12, .., 12
To obtain ¢!, el cl?
C C(, ), and Cf) Take the cut ¢ = 0.5

1 3 Y1 3

P A
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{ o . ~o<cg <Py,
c, — P, , Pusci<Pn
Pi2 - PII
—\ _ 1 ' R P.-:s<:-~sP-5
lloa,- (Cij) - '< v '
c, — P, ", Pa<csPy
Pis - Pid
l o v Pusgsw

¢ PPy ip s, T,

i ij ij ij ij

ci
|24 ]|6(8|5]|7
4|68 |0)7}09

Now the two system K-T (1), K-T(2) can be solve to obtain the value of the
lagrangian multipliers and the solution set [for the systems, where the

parameters C(I') , c(;) s CEZ} , and c(;’ can be obtained from the previous table.
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