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ABSTRACT

The present study discusses the reliabiiity of m-out-of-n unidentical
comporent logic system. A mathematical model is developed to be
applied for m = 1 up to n-1. The model is validated through its
coincidence with the binomial distribution when all components are
identical. An illustrative example is provided for the case of m=4 and

n=6.
1. INTRODUCTION

In many designs, the criteria must be set io fulfill that at leest m-
out-of- parallel components are good for the system to operate
successfully. If all components are identical, the probability of exactly m
successes-out-of-n components can be shown to obey a binomial

distribution [1] with a probability density function (Pdf):

m

p =) p" ap'™, (=012, ., 1) o
where p is the success probability of any component (component
reliability). Assuming constant failure rate model, the component

reliability can be expressed in terms of component failure rate (A) as [2]:

. and
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. Reliability model for a logic system ........
p=exp[-dt] 1))

The probability of at least m successes-out-of-n parallel components
(system reliability) is given by:
n

Rp@) = T © p° ap* ®

=D

Practically, the degradation of components may occur with different
rates. This can be attributed to different operating conditions and/ or
different operational history. The present study treats this problem and
considers the components to be unidentical. Under the assumption of
identical components, Equation (3) will be a special case of the general

model when putting all failure rates are equal.
N 2. MATHEMATICAL MODEL

In a parallel redundant conﬁgurétioh [2,3], all the n cdhipoﬁenté are
allowed to operate simultaneously. The system states will be denoted by
0, 1, 2, ..., n; where the (-state expresses all components are good while
the n-state expresses ail components are bad. The transition probability

matrix of n-unidentical component system is given by:
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In constructing the above matrix, the components are assumed to

be non-repairable and only one failure is allowed in one transition.
If P, ®, P () and pj (t) are the probability of nofailures, exactly one

failure, exactly j failures respectively to occur at time t, and p; ®, p'1 ®

and p% (t) are the corresponding first derivatives, the following set of

differential equatiohs can be obtained:

ailure ;

n

B = (-2 %) po® (4.2)
i=1

1-Afailure :

1 n . n

PO = (X k) p® - () Ah) p ), T @b

1 =1 i=1

j-failures, 2<ij<n-1:

n i n j*1
PM=(2 h- 2 M)Ip M- (2, %- 2, M)p®.  @a
i i=1 =2 ! i=1 i=2 ) '

n-failures ;

P,® = A1 pyy . 4D

Using Laplace transform technique and applying the initial
conditions po(o) =1, and pj(o) = o forj > 0 [4], the solution of that set of

equations can be shown to be given as :
O-failure :

n
p,® = ep [- (3 M) 4, 5.)

i=1
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1-failure =
n
2k " n
p,® = =L [exp(—(Z Mrg)tl- expl- (), 4 )t]), (6D

A, =1 =1

2- failures ;
n

expl- (2, Aha - 704

I n
i=1
t) = - Ap)
P, ® =(% ) (3 i { — s
n a
oxpl- (2, ) t] epl- (2, )1l
B i=1 - N i=1 :%,
A2 A3 ' AMGa+dz)
3~ failures :
n 4
N opl-Q k-2 W)
d i=] =2
=(" L ) )-i - A . e \
P50 (i;n [}I{:i1 (;Zi ;xl W Cerwtreie
n n
exp (-, kit expl-(Y, h-1p)
i=1 i=1
M Asha (o +i3) 22 A3 (A3 +Ag)
n
epl-Q, W t]
=1 1, 5.d)
A2 Aa+2A3) (O +A3+2e)
4- failures ; B
n o
n 3 n k+1 exp[-(z M-Z PIORS
i=1 i=2
p=(Y ) [T (x-2 41 T -
* =1 k=1 i=1 =2 i
- I Q) %)
k=1 i=0
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n 4 n
epl-, 3-, %) epl-Q, k)1
- i=1 =2 _ i=1
M A5 A3+ Ao +A3+2g) A2 A3 (g + g)A3 + Ag + A3)

n

n
epl-Q h-trk)] e[~ Al
. i=1 . _______X'i'l_______
" - A3 Ag (A2 + A3XRy+hs) 4 X } P 5.e)
II (2 y )
k=1 i=1

j- fajlures, j> 4, odd :

- ‘ exp(-B; t]
p] H= (An) (H)) { (]-l)/2 *

(An-Bp (1 G- Bj) (Dx - B")]
k=1

, (j—%}/Z exp (-Gt
S L (5175
oI De - Cjak)] (Ei;k - Cj,k) (Bj - Cl,k) (An‘Ci,k)'
o e=1

exp[- Dy ]
* G072 . ]+
II  (GeDwl Fjx- Do Bj-Di (An - D)

e=1

exp{ Aq t]

* GD2 _ } (5.0
H-I (Cj,e‘An) (Dk - An)] (B} - An)
k=1

j- failures, j>4 even :
B t
exp [-Bj tl .

pO=00 @& { <7

I  (Cx-B) Di-B))(An-B) Gj-B)
k=2
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+

G-2)/2 o[- Cixct

2 L n
I ©e-CGul Ejx- G Bj-Ci (Aa-G Gj-Crd

e=1
, expl-Dy ]
T G272
[1I (CjeDi) 1 Fjx- D (Bj- D (An - D) (Gj- D)
e=1
.. exp-Gitl
G-2/2
[IT  (CeG)De-GPl(An-G)) (Bj-Gp
e=1
. expl Ap t]
* Gz } Gg)
. m (CLC‘An) (De - An)] (G} - An) (Bj - An)
e=1 :
n-failures ;
n-1
P, ® = 1-Y p® (5.h)
i=0 )
where
n i1 n k1
An=2% , =11 QM- 2 M)
= k=1 i=l  i=2
n j+1 n ik
B= Lk %) Gr=(Xh - W)
i=1 i=2 i=1 i=2 :
k41 : n {(5)/2)+k+1

n
De=(Sh - A . Er=(2h - XA )
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[G+s)/21+1-k

n
1 j odd
Fl',k=(zxi " 27‘1 ) for S':{?.j) (e)ven
i=1 i=2
n o
(G/2) +1
G=(X N - DS

i=1

Thus, we can find the reliability function: of a system with n-unidentical

components in parallel redundant configuration for each component has
a different failure rate as

n-1

Rp ® = Z pj ® 6)
i=0

If we Jet I’a =exp[-Aatlfora=1,2,...,n, Equation (6) becomes

n
Rp® = 1-T1 (1-P) .

a=1
Equation (7) can be recognized as a binomial process. It is therefore
intuitively clear that when at least m-out-of-n components are required

for the system to be in an operable state we have

“ael (II:) k -k n
Rp ()= {ftrx p_1{H a-P. Jlt+0 P 8
P k=zm b§1 a=1 ab a=1 ab } a=1 2

where
n!
(;) is the combinational formula woig

It should be noticed the evaluation of Py, the failure probability of "a"
components, depends on which components that have been bad. The
suffix b is used to assign certain set of those probablities. Shortly we can
define Py p as the failure probability of the bth set of "a” components. .
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| @

In Equation (8), if onereplaces P, by P_and b§1 by(;), one gets

n-1 k_ nk n
Rp®= 3 G (I P IIT (-PO}+I P O

a a a

k=m a=1 a=1 a=1
4= A== My=h thenP =P, =...<P =P in Equation (9), and
equation (9) will be reduced to the same form as Equation (3) for identical
components.

3. ILLUSTRATIVE EXAMPLE:

Equations (4.2), (4.b) and (4.c) become:
Q- failure:
. 6 :
p, = -(_21 A1) po ®- (10.2)
1=

. -6 6

PO=-(3 NP ®-(X ) P (10D
1 i=1 ° i=1 1

j-failures, 2< i< 5:
. 6 j 6 j+1

P®=-(3 h- S AP O-( 2% - > K)P® 10.0
j =1 =2 M1 i=1 i=2 )

with the initial conditions

P0 (0)=1'Pi(0)= o foro<j<5

-
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o

Taking Laplace transforms I’j (s) = [ pjiest dt , wehave
0

(11.a3)

1
Po (s) = —g
5+ 2 &)
i=1
6
XN
i=1
P1 s) = 3 3 {11.b)
s+ 2 ) Is+ (X )]
i=—’1 i:l
and
1 6 k+1

Q,mm Con- 2%

i=1 k=1 i=1 1-2
for2<j<5" (110

P (o) = 5 € % .
<s-ZA,>{H s+ (X A > )l

- i=1 k=1 i=1 1—2

To find Po v, I“1 (), and Pi {(t) we must take the inverse transform of the

Po (s), P1 (s),and I’i (s)

The failure probabilities Pi (t) foro €i< 4 can be easily found from

Equations (5.a) - (5.) when'n = 6, and the failure probabilities P (t), and

P s (t) whose salution is

= E“il!”:s.
il ( x f
P, <t)_<2x,>{n (Zh Yol (o -
i=1 =1 i=1 i=2
II (wa
k=1 i=0
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.
expl-Q Mirg) ]
exp [- (A +2¢) t] i=1
L 5 * 6 K *
deds [T (M) Mg [IT (%)
k=2 i=k k=4 i3
6
epl (Y, Ai-hp-A3)
expl-(g+As+ )] i=1
3. 4 6 ) 6 k )
Al TT UM A AshaGodadl TT (2 )
k=2 i=k i=5 k=5 i=4
6
ep -, W)
i=1 }
- 5 K ’ (12.3)
MRl (Y, W]
k=3 i=2
6 - failures:
5
P®=1-% P® (12b)
i= 1
Equations (8) becomes:
6 5 4 3
Rp®=I1 P+ [IL RI(-Fy) + [TI P] Py P+ [ IT PIP; B (-
=1 =1 =1 =1
6 6 6
P)+[II P1 P P,(-PY+ [ [T P.1 Py P3 (-P)+ [ M 7]
)=4 ] ]-____4 J J=2 )
4 6 3
a-P)+ I P1 (I A-P)] + (I Bl Py (-Fp) (P
=1 =5 =1
3 2 5
+[IIPIP, A-P) QP+ [T P I1{IIP 1AP,)A-P)+
. it 76 5 4 R . 3 6
- 1 Fl =4
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2 5
+ {n Pj} P, P, (1P)(-P ) + [ II 1>j 1P (1-P, )(1-P, ) +
5
[gsz](l-Pl)(l-Ps)-!-Pl P, P, P, (-P, ) (-P2)
4 2 6
+ [_H Pj] Ps(l-Pl) (1-P5 )+[n Bl [{Hij] (I—P3 ) (1-P4)+
=2 j=1 j=5
6 3 6
+[ILBIP Py (1-P,) (WP)) +[ I P] [T P ] (-Pp)
= =2 j=5
6 6
(1-P)+{H P1Q-P,YA-PO[II P ] Pr(2-P, ) (1-P ) +
47 =t j 2 3 j=d j 1 3
6
+{II P.]1 (1-P.)(1-P, ). 13)
=3 j 1 2
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Wllade pb ClGSL i AT 92! gl
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