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ABSTRACT

There are many different mathematical models and solution techniques dealing with the blood flows. A two-
phase (liquid-solid) model solved by a perturbation method will be introduced. Effects of hematocrit,
Reynolds number, area reduction, and different geometries of the stenotic channel are studied on the velocity,
pressure gradient, and streamlines. The flow characteristics (velocity and pressure) give a great increase as
the stenosis classified as a sever stenosis. It is found that, the stenosis geometry has a great effect on the
pressure gradient in the axial direction, and also there is a change in velocity profile in each cross section of
the geometry. The hematocrit has a noticed effect on the flow velocity and pressure gradient, in which as the
hematocrit increases the maximum velocity decreases before the throat while it increased after that section.
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1. Introduction

Stenotic geometry in the blood flow is one of the
important  sections in the human arteries.
Understanding the behavior of blood flows in this
section is necessary because it is playing a role in
causing a die from heart attacks. Atherosclerosis is a
disease causing the heart attacks as referred to Refs.
[1] and [2], This known disease is formed by
accumulation of the deposit on the artery walls, the
plaque in the artery is known as a stenotic. The
stenosis is classified as a mild, moderate, and severe
based on the area reduction of the original blood
vessel as mentioned in [3]. When the area reduction
is less than 54% the stenosis is classified as a mild,
while the moderate stenosis has on area reduction
between 54% and 75%. For the area reduction greater
than 75%, this narrowing classified as severe
stenosis.

The blood flow through living organisms can be
modeled with different mathematical models as a
single phase with a Newtonian or non-Newtonian

model and two phases with Eulerian-Eulerian or
Eulerian-Lagrangian approaches.

The stenosis geometry and area reduction affect the
fluid characteristics as, velocity, pressure gradient,
wall shear stress, impedance, and separation of the
flow. Many authors studied the flow through stenosis
with different type (mild, moderate and sever) by
many ways (experimentally, analytically and
numerically), although the most experimental results
used a glycerol-water solution to give a features near
to the blood. There are no experimental results
dealing with the blood as a two-phase model (plasma
and red blood cells) in stenosis artery.

Studying the blood flow through a stenosis was the
objective of many authors as [2] and [4-13]
attempting to understand the harmful effect on the
human. Also, a review article [14] gives more
attention on the flow through stenosis. The
perturbation analytical solution technique had been
used in many researches as [4], [11] and [15-20]
while there are many different ways of solution as the
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long wave a proximation as shown by [5-7], [12] and
[21-23] and integral method introduced [24].

The mathematical models of this type of flow has a
variety of explanation, first the flow was assumed as
a single incompressible fluid model with a)
Newtonian fluid as assumed in [4-6], [15], [16], [20]
and [24] b) Non-Newtonian fluid as [7-11] and [18]
and others. Second the flow had been assumed as two
fluid layers as a peripheral layer with plasma only
and a core region with plasma and red blood cells.
The two fluid model had been studied with
Newtonian and Newtonian for each layer by [2] and
there is a work dealing with the peripheral layer as a
Newtonian while the core layer as a Non-Newtonian
[17] and [19].

The most previous works considered the blood as a
single phase (fluid) while there were researches using
a two phase model as the plasma as a fluid phase and
the red blood cells as a particle phase as referred by
[21] and [22]. Chakraborty et al. [25] gave a solution
for the same model and the same solution technique
as in [21] with the stenosis in an inclined artery and
included the slip boundary conditions.

Charya [26] introduced a solution for a dusty fluid
(two-phase flow) built on the perturbation techniques
introduced by Chow and Soda in [15] and [16]. A
pulsatile flow had been studied in this flow without
including the pressure force in the particles governing
equations also the second order of the perturbation
not included.

Sankar et al. [27] used the long wave approximation
to solve a model with two fluid layers as a peripheral
layer treated as a Newtonian fluid while the core
region is treated as a two phase (red blood cell
suspended in the plasma).

The flow characteristics had been studied by all the
previous authors. The impedance, wall shear stress
and the separation and reattachment points on the
stenotic geometry had been studied under the
different mathematical models introduced above.

The aim of this work is to study the effect of different
hematocrit (red blood cells concentration in blood),
Reynolds number, the area reduction and different
geometries of the stenosis on blood flow. Based on
the work of Chow and Soda [15], [16] and the work
of Charya [26] with using the perturbation method
tile the second order system the velocity, pressure
gradient, and stream functions will be introduced for
different characteristics.

2. Mathematical Model

quationsE overningG The

The blood flow in a two-dimensional channel is
assumed as incompressible, steady, Newtonian, two-
phase flow as the first phase is the plasma of the
blood which will be treated as a fluid phase while the

red blood cells are assumed a fixed non deformable
solid spheres and treated as a particular phase.

The governing equations for the blood moving
through a channel with the previous assumptions are
as follows:

X-momentum equation for the fluid phase

oug Jur\ 1 dp
(1 =o0c)py W +vf =—( —C)a-l-

ay
(= O (22 +2) + 5, ), @
y-momentum equation for the fluid phase
v vy ap

(1-o)ps <ufa—+vf ay) =-(1- c)£+

%v %v (2)
(-0 (24 22) 4505 -0,
Fluid continuity equation
—(1 —Our + (1 —c)vp =0, ©))

X-momentum equatlon for the particle phase
Ju Ju a
CPp (up axp +v p) = —c£ +cS(ur —up), (4)

y-momentum equatlon for the particle phase

CPp (up % + v, a(;;f’) —c— + cS(vf - vp) ®)
Particle continuity equation

aax cu, + :y cv, =0, (6)
where u;, vy are the (x, y) fluid velocity components,
u,, v, are the (x,y) particles velocity components, ¢
is the red blood cells volume concentration
(hematocrit) and is assumed a constant in all the
domain, § is the drag coefficient, and pg is the
suspension viscosity.

The suspension viscosity can be defined as [28] and
[29].

Us = ‘uf * (7'&)

p=0. 076(2 49c+127 =1 690), (7-b)
where T is the absolute temperature measured by
Kelvin.

The geometry of the test section for narrowing the
artery is based on the equation

n(x) = ywau = H — h(x), ©))
where H is the artery height without narrowing and
h(x) is the amount of area reduction at every axial
distance.

The geometry parameters are shown in Fig. 1.

1

1

X !
P

1-pc’

Figure.1- The test section geometry
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Boundary Conditions

For this mathematical model no slip velocity near the

walls  [us(x,n) =0, ve(x,n) =0] and for the

symmetry axis the velocity will be maximum as

Jusx0) _ 5. While the normalized flow rate through
oy

the domain will be fo” urdy = 1

For this model, the particles velocity at boundary is

not necessary because it included in the flow rate

calculations.

Dimensionless Analysis

From the geometry of the stenosis the dimensionless

parameters are shown below based on Chow and

Soda [16]
LoX LY Y Yy Ly
=Y T Tu, P u, T Hu,
. Ly, H?p

P Hu,’ P = UL

The dimensionless numbers used in this analysis will
be (Re = pruoH /1) the Reynolds number,

(6 = H/L) the perturbation parameter, the ratio of
the viscosity (4’ = Is/Hy), the density ratio

(D = Pp/Pf) and the suspension parameter is

SH?
(M B (1—C)Hf)
After applying the dimensionless parameters and

dropping the stars, then the system (1) — (6) and its
boundary conditions now become,

3 3 , 92 Py
Res (uy 2+ v, 200) = ~ 22 440 (5722 4+ 24)

Jx' ady
+eM (up —uy), ©)
, 2%v 2%v
Redg(ufa +Ufa ) u <546_2£+626_yz£)
—0p/dy + cM&* (v, — vy), (10)
oup \ Ovr _ (11)
ax + ay 0,

DReé (up %2 + v, %1;2) =(1- c)M(uf — up)

—dp/ox, 12)

DRes? (u, 22 + v, 22) = (1 - IM&?(v; — v,)

—dp/ay, (13)
9up L 9 _ (14)
oy '

3. Method of Solution

Assuming the ratio § between the height to the
stenosis length to be small parameter, this small
parameter is called the perturbation parameter, we
obtain the solution for the system of equation as a

power series in terms of §, by expanding g, vy up,
Vp, p as follows:

The small parameter is called the perturbation
parameter

Up = Upo + SUpy + 2Upy + 3Upz + - (15-a)
Vp = Vg + 8Vpy + 8205, + 83043 + - (15-b)
Uy = Upy + Sltpy + 82Upy + 31Uy + - (15-c)
Vp = Upo + 8Vp1 + 820, + 8303 + - (15-d)
P =Do+8p1 +6°p; +8%ps + - (15-e)

From this procedure substituting equation (15) in the
system of equations (9)—(14), and collecting like
powers terms of §, we obtain three-sets of partial
differential equations together with their boundary
conditions.

Zero-set system

0= —aﬂ +u < ) + cM(upo ufo), (16)
9po
0= —(1 - C) %, (17)
9ufo | vfo _ (18)
ox + oy - 0'
0=— aﬁ +c(1 = M (upo — up,), (19)
- _C”aﬁ, (20)
Oupo | Ovpo _ (21)
ox + ay =0
With boundary conditions for the zero-set system
Uso(x,1m) = 0, (22)
Vo (x,m) =0, (23)
Oufo(x,0) 0 (24)
oy -
fon usody = 1. (25)
First-set system
6ufo _ % , 62uf1)
Re(ufo ox )_ 6x+‘u(6y2
+cM(uZZJ1 ufl) (26)
0=—(1-0c) "a—”yl (27)
dups L v _ g (28)
ax oy ’
Jupo dupo ap
DRe(upo a: + Vo a)’:)=—a—;+(1—c)
M(uy, — ), (29)
0= Caﬂ (30)
ay’
upr | Ivpr _ (31
ox ay
With boundary conditions for the first-set system
up(x,m) =0, (32)
vr(x,m) =0, (33)
aufl(x,o) — 0’ (34)
dy
fon updy = 0. (39)
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Second-set system
6uf0 aufo
Re (ufo ax + f1 ax + vfo 6 + f1 ay )

L (m+a “fz) M (uy, — ;) GO

ox ax?

a 82v, 37
O=—aiyz+u 7 +cM(vpo vfo), (37)
dups | s _ (38)
ox ay
0Upq Oupo oupy dupo
DRe (upo a;’ + Upy az + Upo a; + vy a;, ) =
ap 39
—a—xz+(1—c)M(uf2 — Upy) (39)
3
0= —caiy2 +c(1 = IM(vso — o), (40)
Oupz 617_1,2 - 0. (41)
ox ay
With boundary conditions for the second-set system
ufz (x' 77) = 0; (42)
v, (x,m) =0, (43)
Oupy(x,0) 0 (44)
ady -
fon up,dy = 0. (45)

Now, our main concern is to discover the solution of
the above differential equations, for U(rp),, V(fp)e:
Ufp)1r VD)1 UFD)2 V(D)2

Zero-order solution is:

o= 2(-27+2), @
v =L(=58 +%0), @)
Yro =387 +34, (48)
Po= (- (5(-3).

(49)

Upo ufo _( (3)) (50)
vp Ufo _( (9()) (51)

First-order solution is:

3 76 4 374
(1—c+cD) Re r)_’ __6 +_( (52)
Upr = = P— n (2 !
280
3 3
7" —557‘*5(5)
n\_99 3,3
_ (1=c+cD)Re 280{ + 56( l £3
vfl - 1—c u' i(7 _i 5 ’ ( )
280 40
SR T
280 56
3 ;7,375
(1- c+cD)Re ’ _%Z +EZ
lpfi - _ M' n 33 .3 3 ’ (54)
~Bpaie
280 56

(55)

/(1—c+cD)< )\
ZT_R"’!\CD/ ( (18)) \!
;z( (v —zz+z>)

Upy = Upp +— v ) (56)
’ " /%(2—5(18))+\
, I

: 29
i)
)

(58)

) 59

Re| ,(L—c+cD)(m" - 317’2 54
Vp1 = Vp1 + 57 Y1 e (57)
" —5n
M(in (- 18{))
+D| %, ;
w\* (" =7
(&) <7( 275))
Second-order solution is:
_ (1—-c+cD) Re? cDQnA; + )
Upa = Ay + (1-¢)2 pu'2 <(1 —c+cD)A,
cD 2
+ @a- 6)2
e = E. + (1—C+CD)R_eZ( a-c+ CD)E2 )
27" T a-0? w2 \-CDQ,E; — CDQE,
cD? Re? ( Q1Es + Q1Es + Q7E; + Q,Q1Eg
(1-0% p" \—=(1 = c)((Q2Ey + Q7 E1o + Q2E11)
_ (-c+cp)Re? (1 —c + CD)BZ>
lpfz - Bl + (1—c)2 u'2 ( +CDQ17]B3
DZ
—(f EY (Q1B4 + (1 —c)Bs) (60)
apz _ _ , (1-c+cD) Re? ((1 —c+ CD)FZ)
ax A —ou'F + 1-c u' +cDQnF;
2
+I R (QuFs + (1= OF,) (61)

L = U _ (1—c+cD) Re? <(1_C+CD)GZ>
p2 = HYf2 (1-¢)2 My’ +D(G3 + QlGS)

2 2 _ !
— 2R (11— 06y + Ge) +E20 (62)

(1-c)2M

) (1 —c+cD)Hg
UpZ = UfZ + (1_C+CD)RL +DQ1H3

1-0)2 My
(=" MU\ L D(H, + H, + Hs)
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4. Results and discussion

The study is made based on different hematocrit (c),
different Reynolds number (Re) , different area
reduction (y) and different geometries of the stenosis
(n(x)) as shown in Table (1).

Table 1-The parameters used in this study

c Re Y n(x)
0.0
0 0.1 ] (Straight
channel) Stenosis-1
0.2 n0) = 0.5((2 —y) — ysin (2mx —g))
01 |2 (Mild
stenosis)
0.4 .
02 |4 (Mild Stenos_ls-z
stenosis) n(x) =1+ ysin(nx —m))
0.6
03 |6 (Moderate
stenosis) Stenosis-3
<
0.8 n() = {1 +22]}//sz -1) gSSSXX_SOlS
04 |8 (Sever
stenosis)
05 |10 Stenosis-4
0.59 | 12 nx) =1+4y(x?—x)

In perturbation technique, the solution of the problem
can be accepted when the values of the higher order
can be neglected. The solution of the second order
system presented for this model can be sufficient as
shown in the Figure (2).

Figure 2 gives the fluid velocity based on the zero,
first, and second order respectively, the weight of the
third order solution can be neglected because of the
solution gives an accepted conversion, specially at
the last position shown in Figure (2-c).
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Figure 2- Conversion of solution at some positions
(c=0.4, Re=10, and y = 0.6)

Effect of hematocrit change is introduced in Figure
(3), as the volume concentration of the red blood
cells increase the wvelocity of the fluid phase
decreases at the core region while increases near the
walls. This behavior occurs before the stenosis
minimum area (in the conversion artery) as shown in
Figures. (3-a, 3-b), while this effect reversed after the
minimum height (in the divergent artery) as shown in

Figure (3-c).

In the conversion portion, the fluid response to the
area change is greater than the particles response, and
therefore as the concentration increases the particles
number increases causing a declaration to the fluid.
While in the divergent portion the momentum
transferred to the particles in the previous portion
comes back to the fluid causing the fluid to a
accelerate. As the hematocrit increases, the
momentum transmitted is increasing and the velocity

increases as mentioned by El-Askary et al. [30].
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Figure 3- Effect of hematocrit (c) at different
locations at (Re=10) and y = 0.6

The fluid velocity behaves under the increase of
Reynolds number like its performance in case of
hematocrit increases as shown in Figure (4). The
fluid velocity can overcome the increase in the
Reynolds number than the particles, thus as the
Reynolds number increases the momentum transfer
increases causing a velocity changes as shown in

Figure (4).
25
——Re=01
Re=2
2 4 === Re=4
Re=h
Re=8
159 — Re=10
uy N —Re=12
1 N
™
05 4
0 L] L] L] L]
0 0.2 04 7 05 08 1
a) Before the minimum area (x = 0.25)
j —
s —
T
3 4 ™~

25 4 h“~\\u
™

: \
0.5 1 \\\\\

0

0 02 04 { 5 08 1
b) At the min area (x = 0.5)
3
54 ey
[
Ufis .
14
05 4
0 r r ' r
0 02 Mg 06 08

c) After the min area (x = 0.75)

ERJ, Menoufia University, Vol. 43, No. 3, July 2020

Figure 4- Effect of Reynold’s number (Re) at
different locations at (c=0.2 and y = 0.6)

Area reduction of the artery affects the fluid velocity
as shown in Figure (5). The velocity increases as the
area reduction increases, and thus the velocity of the
fluid should increase to maintain the flow rate.
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All four-stenosis mentioned in Table (1) are plotted
in Figure (6) with same area reduction (y = 0.6) to
show the velocity difference in each one as shown in
Figure (7). Figure (7-a) shows that the stenosis-1 has
the minimum velocity than the other three stenosis at
core section, while the straight shaped stenosis
(stenosis-3) has a small difference than the first one.
Stenosis-4 and stenosis-2 have larger velocity values
respectively because of local area at this position.
From Figure (6) the largest narrowing at x=0.25 is
Stenosis-4 and the velocity becomes larger as shown
in Figure (5). This effect is also shown in Figure (7-
c), while Figure (7-b) shows that the effect of the
stenosis shape has a noticeable effect (in this section
the area reduction is constant). As the change of the
slop is greater the velocity at the core is less and vice
verasa near the walls.
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Figure 7- Effect of stenosis geometry at different
locations at (Re=10, c= 0.2 and y = 0.6)

Pressure gradient along axial direction viewed in
Figure (8) shows the effect of the hematocrit on the
pressure gradient. The value of the pressure gradient
decreases with the axial distance till near the
minimum height of the stenotic, then increases to its
maximum value at distance between 0.68 for higher
hematocrit to 0.83 for the single phase, after that it
returns to decrease again. The magnitude of the
pressure gradient always increases with hematocrit

increase.
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Figure 8- Effect of hematocrit (C) on the pressure
gradient at (Re=10) and y = 0.6
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Figure (9) introduces the pressure gradient with the
axial distance; as Reynolds number increases the
minimum value of the pressure gradient is moving
downward the throat and it gives a smaller value until
the throat then its value becomes larger than flow
with lower Reynolds number.

10

0 0.2 04

0.6 0.8 1

Figure 9- Effect of Reynold’s number (Re) on
pressure gradient at (c=0.2) and y = 0.6

Figure (10) shows the effect of area reduction on the
pressure gradient. As the area reduction increases the
pressure gradient decreases before the throat. The
greater area reduction which is known as a sever
stenosis has a pressure gradient 7 times larger than
the moderate one (in the absolute value). This great
change in the pressure gradient leads to a great
change in velocity as shown in Figure (5) leading to a

harmful effect as mentioned in [3].
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Figure 10- Effect of area reduction (y ) on pressure
gradient at (Re=10) and ¢ = 0.2

The stenotic geometry effects on the pressure
gradient are shown in Figure (11). The great change
in the walls of the stenotic gives a step change in the
pressure gradient as shown by trend of the stenosis-3
curve in Figure (11).
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Figure 11- Effect of stenosis geometry on pressure
gradient at (Re=10), c= 0.2 and y = 0.6

The streamlines for different geometry shapes are
introduced in Figure (12).
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Figure 12- Effect of different stenosis shape on the
stream function

5. Conclusion

The geometry of stenosis has a great effect on the
pressure gradient in the axial direction, also there is a
change in velocity profile in each cross section of the
geometry. The hematocrit has a noticed effect on the
flow velocity and pressure gradient, as the hematocrit
increases the maximum velocity will decrease before
the throat while it increases after that section. The
effect of Reynolds number will cause a minimum
pressure gradient to move downward the stenotic
height. The increase in Reynolds number affects the
maximum velocity as the hematocrit effect.
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