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ABSTRACT:
In this 'work, ancequation'for. thé relaxatlion oscillalion of

a direct current motor generator set is derived. This

equatlon is solved numerically.and ‘pPlotted by :the digital
computer. From the plots the motor current as WP]I Aas, the
period of oscillation are derived. The comparlson between
these values and those obtained experimentally: shows good

’agfeement

The reason for the small dEVLGtLOH between the cxperlmental
(.and ithe computeéd values are discussed. The method of vary-

ing the {requency of oscillation of the system “is also
discussed and illustrated graphically.

:INTRODUCTION ~ 1t (1] Efiiis o5

A D.C series generator driven at constant.speed: has:a: !

negative resistance characteristic:. ILf this! generator is-

connected to a seperatelypexcited“motoru-the system will-

be an electro-mechanical one, that contains eclectrical

and mechanical elements. It is possible by analogies to
transform the system to a pure electrical equivalent one,

in which the inductance and capacitance are constants, while
the resistance is variable. The resistance is a current

dependent variable. that leads to an oscillatory syslem’

Initially, when the current is zero, the resistance will
have a high negative value, which leads to a negative
damping, hence initiating oscillations. As Lhe current
increase, the negative value of the resistance reduces

and reaches a positive value when current passes to its
maximum, the oscillation then ceases and the current reduces
to invert the resistance again to a negative value and

50 Oon.
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The relaxation escilliation in triode tubes (1) has
gsimilar equations, but with pure electric constants. The
first who noticed this phenomena in electrical machine
was Janette (2)
" In some appllcat1ona a low froquency power supply is required.
' Uf these appllcations the speed contro] of induct1Ufi motors
iby {n]ecting certnin voltage jn the rotnr cirguit,

;Tﬁa RC oacillators (Blfails‘tn achieve these requircements
for two redsons. A | \
i) -The valué of both n and € must be abnormally high, that
”;'M;:can ‘be ! pvactically achievéd for’ such vary low frequency.

s e
,

:ii)fThe HC oaclllatora have limited ouLput power, that cannot
-Entinfy theae requirements. '
; _ .
'The-ayptem nlao may find an applxcutlun in mpin Mntinna ns
‘An w@&hins machinas and likos. The systom may ‘be reduced to
“only,onﬂ maehiney 1[ ‘the: primemovar and tho series generator
‘are roplnoed by an electronit circuit that has similar chara-
cteristics an the series generator._

r" y
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MATHEMATICAL DERIVATION

The combination consgists of o dircelt current sarfcs

generator driven at constant specd, and n dircct current

separatoly exclted motor operating at no lowd. The set

Y]
connected as shown in fig.(1)
i' .
-— _
-
Driven at D.C Supply
conatant
apeed
Fig.(i)
The characteristic of the serios generator at
constant apead; £fig(2) can be writtan in the form,
E‘ ='K11 - K2 IJ volt . .. (1) ¢
: ' E
]
where xl and xz are positive ™
constantas. The cubic term l
. e 12)
represents the influence of “‘ 2
k
saturation. () 1,(A)
===

The instantaneous current 'i' at any instant I« glven
by the following differential ogquationt -

M 2)
E 31“ + L :ﬁ:* Em volt (

whaere!

R = the total series resistance of the met in ohms,
L = the totll serioes inductaneo of the set in henry

B = the motor armature back e.m £., sineo the motor )
m

Hou
; wwroport lonal
separately excited, the wmotor baek o.m.f Em | proj

to the motor apeed N. _
theni By ® Kj N .0 volt {3

wharot |
N ) tonstant depends on the field eurrent

E.3
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. sdmeosld ,S .o ¥V .foV wmifellul LOR
The developed torque in the motor armature Td is
AOLTAVLSIAA (1A il
given by i Lackbs
Td = K& I newtor- motor o o ll8) e 8 Nikieono Rt &
Wp ey bt 1y 2 RS SilSt L L o
the constants 53-;5% depend on, . the fiiedd flux @nd hente' "7

the fiqlr}}lgug‘g(;}nt?.’_”’f G 16 wnidstegqo 1eiom

Q ) i rewosds ap DOJTD
This developed tornque is absorhedh‘s" in Lﬁe

L4
constant friction torque in the motor K), and - 1n all ithe

viscousg friction torqlée” apd nthar tprqﬂo& whi ehl Qe

proportlonal;ﬁppthg.speed KéN :anq 1n the dynamic tOIQUG!L
which accelerate the mmlor (K% an’ y. ilf'
X7 dt , s
ek ad i E
then we get,
_ , - - dN -
Td = K5 v KN o+ Ko 97 - (5)
From equations (4)., (5) and dividing by Kj we get,
TRTPTR ST R IE soggtoe add abypiTednnsda
Lz K5 +_ KGN' +‘:1' T4 '(Tt- i 51w ad i:f'(.'JG)' S imid frevey oy
o, ‘ (b o A i
From equation (1), (2), (3)  we get,
. i@{
3% it
K,I - K, I”7 & IR + L ;
then ;1
{ 1 ?
N == I( K - R)
e K\ el L
3 [ ;
and dN ' 4 "7 Iz sleni ad
dt K (x ~R) il B

elimination of N and

leads to

3:3 :_Laﬁ;blg) ?%:—'GQHI‘ de-#‘ﬂ’”f‘ﬂ..}uiqq)v4-
where |
a + Kl_.- .“ = .K.i. - |
- it | b .
b = 3 K, ;
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2 1

Lot o=y (11)

cquation (9 will laﬁ‘

= - o ady

SY s atiyh) EoocTy cell coo12)
di b a

Let x = (0t . (13)

cquation {(12) will be

"}

‘]X :/A(]hyz)%-y-py3-(2 .- (1)

dax’”

where

f
|

il
pot
p . 2d (15)

3 . =

he™

] b
Q = -, -5
C

1
-

cquation (14) is simiJar to that given by Vanderpol,
except in the terms P and { which are due to the consi-
deration of the motor friction.

The solution of equation (1%4) can be programmed
and ploted using digital computer curve tracer. From
tire ploted curves, the output currcnt oscillations,period

and amplitude can be obtained.
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NUMERICAL RESULTS

The numerical solution of Lhe non linear differential
ecquation (141), using Rong Kotta 2 Method, is programmed

in appendix I . The solution is ploted for wvarious values
of field current. From the plots the period and the
amplitude of ascillation x, ¥y are determined. The actual
periaod T, and hence Lhe actual frequency £ = 1/T ;

and the current amplitude I0 are calculated from equations

(11), (13}, then

= 1/7T = xO/C

To‘l-\lﬂ/b ) o - 1 o

To limit the armature current, a resistance r 1s connected

[
|

=3
el

in series wilh the armature circuit.

Case Y

For series resistance r = 10 ohm
Then the total series resistance = 10 + 3.044 = 13.04h4 ohm
(The value of Kj, K., are evaluated as shown in appendix L)

7. 011

I‘\l— R =

(K, - R)/L = 7.554536

The computer ploting is shown in fig. (3 ). The effect
of Lthe motor field current upon the frequency of oscilla-
tion is shown in fig. ( 1 ). From the plotes it is found
that the amplitude of oscillation Yo 7 2, and from the
numerical solution, the values of A, is nearly constant

1
and cqual to 8.685, then the current amplitude

10 = 2 x B,685 = 17.370 A

Case 2

15 Ohms. Then the total series
18.044 ohms.

For series resistance r

1}

resistance = 16 + 3.054

F 50k S
h1 R 2.1411

( K1— RY/1. = 2.457696

The vresalls are shown in fig (5, ()

I - 2 x h.955 = 9.91 A

Q
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ExnerimentallResults

1 The system is connected as shown in fig.( 7 )

Oscillinscope (Ei) Phoctographic Camera

Driven atl G
constant
speed

fig (7]

2. The generator 1is driven at constant speed 1500 r.p.m -
3. For wvarious values of motor field current if, the
frequency and the amplitude of -oscillation are

measured.

An oscilloscope is connected across the added series
resistance for oscillographing the motor armature current
oscillations. The load to be supplied by low frequnncy may

be represenled by this resistance or connccted across it.

The oscilloscope is calibrated in amplitude for predicting
the maximum voltage across the series resistance, and

hence for the maximum circuit current, for each position

of the attenuator knop. The maximum current is alsc
measured by a moving coil ammeter of which the natural
frequency is lower than the frequency of oscillation of the
system. The period of oscillation is also calculated

from the oscillation of the meter pointer. The time basc

of the oscilloscope is adjusted to scan at Jeast wo
oscillations.The above steps are repeated for different

values of motor field current if’
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Results:
Case 1. For added series resistance = 10 ohms
ic(A) 0,05 0.06 1o 13 {0.17 10.21 [0.25 0.3 0.36
F u one
? |direction|0.035/0.175[0.286/0.37 |0.455] 0.55 | stop
Li(A) 14.5 1 2 {th. 17.4 [ 11.2 1.2 10 10. 1
Case 2. For added series resistance - 15 ohm

[jf (a) lo 05| 0.06 0.13] 0.17 }0.21 | 0 25} 0.3 |0.36

f

| F Hz Jone direction|0.25 | 0.40 0.48 0.55 stop
5L1 (A g5 | s 8.3 | 8.1 7 8 7.3 n 7 oo

For both cases the shape of oscillations are shown by the set
of photographs figs. (3,5 ). Curves showing Lhe effect of
both the added ressstance in the armatures circuit as well as
the motor field current, on the oscillation frequency are

illustrated in Tigst4,6,8), (only two cases are illustrated).
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Case /4

Fig.(3/h)
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Comparison betlween numerical and experimenial resulls:

Comparison between the wave form obtained rom Lhe plofs

of the numerical solution and that obtained orv C.I
oscillograph is given in figs.{3,5), this comparison
shows that the experimental and theoretical resulls arc

in good agreement.

Comparison between the theoretical and the experimental
frequency of oscillations for both cases of the added
resistance is given in figs.(/41,0), from which it i= found

that the difference is small.

In each case of added resistance, the amplitude of oscilla-
tions in the numerical solution is nearly constant, and

independant on the motor field current.

The amplitude of oscillations obtained from the experimental
results are low than that obtained from the numerical
solutions, this deviation may resull from the ol fect of

hoth motor and gencrator armature reaclion which 15 nol

considered in the numerical solution.

The eflfect of the added resistance upon the [requency of
oscillation is shown 'in fig(8), from which it is found

that, for the same value of motor field current, by increas-
ing the wvalue of the added resistance, the freguency increase

but reduce the range of oscillation.

Conclusions:

The system provide a high power, exiremely lTow [reguency,
a.c. supply. A power of 1 Kw may be reached with Lhe
studed sysilem. The value of the added resistance is highly
affecting the armature currentl, while 1is elfffect, on Lhe
period of oscillation is limited as shown in ig(8). The
motor [ield currenl is mainly the factor thatl conbrols Lhe
system frenuency. Thoere are limits of [Micld current lor
which the system is oscillalory. Outside Lhexe Limits the
systems 1is either conlinuously running in onc dircclion,
or no molian al alt. Por exoample wilh Lhe added resaoslance

10 ohms, oscillations occur with the Ticld currenl varying
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helween D060 (o 0% amperes.s Small valoes o Mield

current leads Lo o continnous vunnine in one direction,

fnereasing the Nield curvenl increases the system
frequency amnd the armalare currentl wave form approaches

the sinusoidal.

Determination of Lthe conditions that must be satisfied
for the syslem to be oscillatory is a suggestion for
& future study. This must necessitate an analitical
solution of equation (14%). 1L is also inleresting to
study the harmonic contenl in Lhe armaturce current when

varying the field current .
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APPENDICES
Appendix 1:
Determination of Machine Constants.

Two identical D.C machines are usced Tor molor and
genecrator,
Rating:- 3 KW 220 0V 1500 . p.om
1. Using the universal bridge, the {ollowing mcasurements

are obtained.

a) Total series resistance, includes motor and generator,

-
armatures, and generator scries ficld - 3 044 ahm

L
b} Total series inductance, includes molor and generator

armatures and generalor series field = 0.981 henry.

2. By retardation test, the motor moment of inertia is

found to be J = 0.171 Kg mt~ .

3 Generator constants K]' K, are determined by running

i

the series generator at constant speed 1500 r p.m

separately excited as shown in fig.{1)

series-field

B (v)]o|zo |26 [33 |3 [63 [76 [100 1117
s

|~
P
~1
[
[
LIL]
2
L)
i3]
o

I{A) 011,
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B (V)
g

1% 139

3 163 177 197

1{A)

6.6

B4 108 13 4

By

using Lthe Least Square melhaod

Ffor interpolation and with

programme No.1 using basic language with llewlet{ Packard 9830

computer

K, = 0.0327
Curve 1 shows
anid the estime

This constant

separate excited

Lthe values

Motor ¢.m.f/speed

the

1ted

can be

ol

compuater

values,

generator.

K] and K

_

aroe, 20 hs55 and

Kk
|

ploting ffor the observed

values

which are in a good agreement.

constant Kk

3
determined by running the motor as a
for different values of field

current, varying the speed N and measuring the induced
voltage E, K3 is the slope of E/N  curves as shown In the
following table
Ir(AJ 0.05 0 06 0.13 0.17 0 21 Q.25 ' 0.3 0:36
K3 0.02 0.03 0.075 | 0.1 0.12 0.14 0 17| 0.20
5. Motor curient/torque constants K5, K6, K?.
al The constants K_, K6 can be determined by running the
5
motor as a separate excited D.C Motor. Varying the supply
voltage, fig{2), at steady state measure the motor speed
N and the armature current I for different values of
field current, from the ploted curvex fig (3) we get

¥

D.C
supply
ariable
oltage

D.C supply

Fig.(2)
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lr(A) 0 05 (0,06 | 0.13 o 17 [0 21 0,26 | 0 4y O .30
KS 0.90 1080 10 65 J0.55 |0 45 0.95 | o 25 {0,
-4 .
K6 x 10 [1.58 [1/68 1 LS 1 506 .60 1.58 .56 .50
Experimentally, it is found that the valuvs of h( i= almmost
H
constant. we shall consider it as |
-0
Ke - 1.6 x 10 |
b) The Dynamic turqué constant K?
Experimentally, it is difficult Lo determine the
dynamic torque constant K?. Bult at the moment of
transient. if we consider that all input power to
Lthe motor armature is consumed n aveeloerat s 1he
motor thoen,
IE = JW =X zTTN
m - t ¥ oGO0
h 1 X -
aving Lm KjN
then
T = U.ll}:l ﬁ:_
3
then
: ¢.011 J 0.00188
K_= =
N(r.p.m) ™7 K, K3
1500 i = .30 L3R5 021 G173 .06 .05 A
f
1000 o
Fig.(3)
500 |
In (A)
0 —pbpconf———pbhp—p -
1 9 1 .4 .5 . § .7 B .o d

E.17



e R

iy

AT o > i..-..a..‘.»- ot "
g i_. 228, B.A.SARAP '_""""'.'" : o
i bl e mmcmmmh

i A

.“'

458

-] .-
178 ]
 Jeg
158 .
g |
=
128

118 .

B & B =

88
g
Ha
3
m 3
ST 1
id




.13

t 0 54134«'”1
d%a 55#$$ﬁ#t ;

70 A=(SIaG
20 a:Eg%*S%a_ ¥
1190 BRIN il
260 PRINT A = 'A
1218 FRINT "8 = "B
220 FRINT

L . i

239 PRINT ; :
1240 FRINT ' 1a2v¢ r(l: ’ ﬁ*usiraonniln*a“
250 PFINT . . i

4260 FOF st TU N

1270 0 L Imvapei ] i+e§rt1;t3
230 FEINT X(13,"T11aY

299 S7A§7+Y

308 T- u*cvcnz-txyfa

305 E=E+CY[ 11588

310 MEXT I - -*5

912 YZ=52/M.

314 FOR 1=t 10

.ﬁgis n«nwfzr*ﬂw

g NEXT 1 - ~wr
KsiGB*R/T

325 Gi=108ec] FfT‘
1330 PRINT
1340 PRINT . v
1358 PRINT 'Gaﬁ_.
135% PRINT: g
356 PRINT *t= 7-¢_ﬁ--
368 STORS Y
1nao%zmm&&J
390 LABEL (¥31y
390 OFFSET. 259+3
408 XAKIS O -18405-
418 YRYIS gg ¥ iy
420 EgR 1=9 T3 .228
{438 PLUT «r.»s“k=
44* ﬂpﬂ.m ,"-4‘.*. biet

SIGHK PR WG

™

éﬁ‘s
E

1478 FoR. rrm 14 15 T ; i
488 PLOT 251 0 ¢ 7 :
{498 CPLOT 1.8 -

500 LABEL (%31 iy N .
518 HEXT 1 -
152a STOP ;

Jmmnmli TN

840 PLAT ~ ’[[}:XE ¥
W5 LABRL. wd "ok il
SSB‘PuET-ﬁiilaﬁfng
570 NEXT 1

‘850 PEN.

599 PLOT 32ﬁ,

602 PLOT -d23n¢»
51’3.‘.!-.‘15‘& tﬁ“i‘i
1620 "FLOT 220, 4

‘630 PLOT 220!

640 CPLAT &eu .
650 LABEL—f# )" ABSERVED vﬂtUEb
ECQ STOP. -

670 FOR %=0"T0 15 STEP 8.4,
§E0 PLOT ~RAs-[eXn3, %

8998 MEXT - .

PER PLH

I8 PLOT 218

g
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Appendix 11

Numerical solution of the differential equation

' =f*?'(1-yL)- y - py’ +Q

Programme No.2 is used to solve this equation for different
values of the field current and hence the constant KB(K[H])
and K5 (J[B] ) for the eight conditions. Fig (&) shows

the flow chart of this programme

Read : b : Kl' K, . KG' L
Read : Kj‘ £5
Y

Compute K, 0 00188/K3

as 7“55h536—K6/K? (case 1)

a =2.45?696-K6/K

- (case 2)

set of equations (10)

Y
Compute :/*'.P. Q

Ay = J:?E_

set of equations (5)

Y

Solving differential equation
4 2.’
y =fky’(1-y ) - y- py’ + Q

uzing Rung Kotta 2, Method

plotting the solution.

Y
Print:
c,/&. P, Q, A
L 3
/ Next K., K
{ 3 5

Fig.zh)
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K> k; Programme 2
18 DIl ELE G
cd H=u, —!
389 READ Bsel:iiskil -
4@ DATAH B. {20, 4%y @. 0327 s, Bl i, o
58 READ KI T hLZ2sEL2 L EKI4 kLSt D10 Lok i)
68 DATAH @ 02«0 32. 0,875,080, 1B, 12000 140t fage
73 REARD JI1 L M2 J31s 3 IS I L7 s dl i ]
30 DATAH 8.9 . c+B.6%,8.55,0.45,0.3%, 0.5 0.1
9@ FORE H=1 TO &
169 X="='Y1=0
110 K7=0. 081335, k]
120 A=7,S554%3f~-Ke"K7
130 C2=¢KIH]-KE#7.41 1) (L¥K?"
140 C=CZta.95
159 Rl=(R-B21y. 5.

170 E=KLHI¥JLNI/K? — .
138 M=R{-C Initial condition

208 Q=iE~-C2y- Al
210 YZ=M#EY1201-Y12,=Y~-PaV13+0 For low values of field

220 SCALE -5 35, -5+5 -
536 LABEL t#s1.9s1.7,8:20,3) current, the interval
248 HHKIS B, 1By 30 . H will be 0.001

258 YRHXIS Byl 3

26 FOR I=1 TN 28

2¢9 FLOT 1w

280 CFRLOT -Z2s-2

290 LABEL vx>1

308 NEWT I

318 FoOkR I+ -0 G0 s

328 PLOT s

338 CPLOT ~5su

249 LABEL c#7]

3590 HEXT |

368 PLOT &%

37T FOF #=h T 285 STEP H

328 U=Y+H=11

399 Ul=vY14+HxY2

498 UZ=m*1+ 1 -Jrz20 -U-P&J13+0
418 Y=V+8.5«q= 11D

420 Y1=Y1+@, SxHs 72020

430 YZ=MExVis =Y 12)=Y~PEY T340
440 PLOT =¥
456 NEXT =

466 PEH

478 PLOT 1:4
480 LABEL <*y.2.5)
499 LRABEL <*3" p="
Sae FLOT -5y -5
510 IFPLOT 4@s3
528 IFPLOT @ iw
S3@ [FLOT -d4@.0
S48 IFLOT B,~18@
S50 DISP "CHANGE FRPER™
568 STOP

9578 HEXT H

580 EHD

2:838,62" L=y o0
I R R L L
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From the numerical solution we gel

Case 1

if 0.05 0706 0.13 0.17 0.21 0.25 0.3 0.36

C |0.45169(0 684 1.7325 [2.3147 [2.7804 | 3.24614)3.9447 | 4.94733
xo 28 0 10.6 9 8.4 7.8 7.5 7.1

Al 8 6907 | 8.6%502 | 8.688 8.6867 | 8.6858 | 8.6848 | 8.6833 | 8.6818
f |0.00518] 0.0342 | 0.1634 |0.257 0.331 0O 4161 | 0.526 0.6962
Case 2

1f 0.05 0.06 0.13 0.17 0.21 0.25 0.3 0.36

c |0 4611 0.69%0 1.74190| 2. 3240 [2.7897 (3.25548 | 3.95405) 4.652617
xo 11.8 10 7-1 7 6.6 6.6 6.55 6.5
£f1]10.0390[0.06940 | 0.2453 |0.332 Jhosh |0.4932 0.6036 [0.715

Al 4.957314.95725 | 4.95688|4.956654.95648 |4.95630 | 4.95605| 4.95579




