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THEORETICAL INVESTIGATION OF FLUID
FLOW THROUGH CURVED CHANNELS
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- ABSTRACT

In the present study, a steady laminar of ¢two
dimension, isothermal and incompressible fluid flow
through a curved channel of different curvature ratio
has been studied theoretically,The governing equations
of flow are derived in-terms of stream function and
vorticity under the parabolic initial flow condition.
A numerical solution, based on the finite difference
method, is used toAinvestigate the effects of Reynolds
number, the angle of curved channel and the channel
curvature ratio on the flow properties through curved
channels. These properties, which are considered in
this investigation, are; the axial velocity;the radial
velocity; the pressure on the inner and outer walls;
the pressure loss coefficient;the friction coefficient
and flow separating point. The separating point was
found to depend on the value of channel curvature
ratio, it moves away in the upstream flow direction

by increasing the value of curvature ratio.

1. INTRODUCTION

Fluid flow through curved pipes or channels has
become of importance in a wide range of engineering
applications, for example in the heating and cooling
coils used in heat exchangers and refrigeration equip-
ment. Curved conduit flows are encountered in many
engineering problems, from heat exchangers to meand-
ering rivers. |
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Unlike the case of straight channel, very little
has been published concerned with theoretical and
experimental studies of the flow through curved pipes
or channels. ITO [1] made experimental study of fluid
flow through smooth curved pipe of circular cross-
section. He found that, for the case of turbulent
flow, the static pressure at the outer wall has higher
values than that at the inner wall and the pressure
loss coefficient increases with the angle of curvature
increases. Launder and Ying[2] studied the secondary
flow in ducts of square cross-section. They showed
that the ratio of secohdary to primary velocity 1is
greater in the case of rough duct than that for the

case of smooth duct.

Yukimau, et. al[3] studied expérimentally the hydra-
ulic losses and the flow patters in the wavy and

quasicoil bent pipes. Their results obtained may be

summarized as follows; the hydraulic losses 1in the

quasi-coil pipes composed of 90° bends and 90° screw

type elbows are increased ' as the connecting angle

increases. The losses in the wavy bent pipes are

larger than those in quasi-coil pipes. Kulb and Seader

[4]studied heat and mass transfer phenomena for viscous
flow curved circular tubes. They showed that the

friction losses of curved tubes are higher than those

for the straight tubes. Mitsunobu and cheng[5] studied
the laminar flow in the entrance regibn of curved

parallel-plate channels. They showed that peak value
of axial velocity moves away to the inner wall and
also the radial pressure gradient has a higher value
at the outer wall than that at the inner wall.

The main object of the theoretical work presented
in this paper are; Determing the effects of Reynolds
number, the angle of curved channel, and +the channel
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curvature ratio on the friction coefficient, pressure
loss coefficient, the axial and radial velocities and
the static pressure at both of the outer and inner
walls. Also establishing a clear idea about the effect.
of channel curvature ratio on the flow separating

point, for different values of flow Reynolds number.

NOMENCLATURE

a : Normal distance from the center line of
curved channel to the wall (half width of

curved channel)

cp : Pressure loss coefficient = AP/QS’V&.

D : Curvature ratio (a/R)

f! : Friction factor ratio (fc/fs)=(AP/§? V;).
(2 a/R 8) :

fc : Friction factbr for the case of curved
channel.

fs : Friction factor for the case of straight
channel.

P : Static pressure

P : Dimensionless pressure = P/(éf'vg)}

R Curvature radius

§1 : Distance from the center of channel to any
point on the width.

§+§1/a : Dimension~less radius, (1 + D.R1)/D.

R1 ¢+ Dimensionless distance, R1 = R1/a.

R : Reynolds number = (Vm.2a)/v.

u, v : Velocity components in R1 and 6 directions.

u, v : Dimensionless velocity components in R1 and 6
directions (u.a/v , G/Vm).

u Radial velocity per mean axial Velocity(u/vm)

Vi : Axial mean velocity.

§ Fluid density

v ¢ Kinematic viscosity

8 : Angle of curved channel

'l : Stream function

4 ¢ Vorticity.
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SUBSCRIPTS

Counter in radial direction

Counter in 6 direction

Initial condition

- o Z2 9 H

Condition at any cross-section

2. ANALYSIS

Maximum counter in radial direction

The following assumptions apply to all the ana-

lytical work described below;
(1) The

isothermal and incompressible.

flow is steady, laminar,

two-dimensional,

(2) The gravity forces are neglected compared to the

other forces.

(3) The higher order of %% is neglected.

With the above assumptions and referring to
Fig. (1), the basic equations governing the flow
through curved channel are ;
Continuity equation
su u V
— + - u- + - 1_ gg =0 (1)
8R1 R + R1 R + R1
Momentum equation in §1 direction
3_ v ey 2 2.
R I e P R A - g
3R, R+R, 38 R+R, 3R, aR§ R+R,
3u _ _u 1 3%u XY
- ——— t ——— . - . =1 (2
3R, (R+R, ) (R+R,)* 3 0?2 (R+R,)* 38
Momentum equation in @ direction .
- 3V \ 3V v.u B 2
— t — . — 4 :—%— = - % . _1_ 2F + v B-V
3R, R+R1_ 36 R+R, R+R, 36 3 q
R T A . 1 8@ 2 a_ﬁ]
R*¥Ry 3Ry (R#Ry)*  (R+Ry)? 287 (R+R))? oo
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Momentum equations, Equs(2) and (3) may be written in
dimensionless form as follows; ‘
Dimensionless momentum equation in R, direction

]
2 y72 .
»u, e vou _ Re’® -V s b
3R,  2(1+D.R,) 3 8 4 (1+D.R,) aR‘;“ (14D.R,)
Ly - R _.D?
3w, p’.w . _.DP? %u e . .
2 '14D.R.)? - 14D R )2
3R, (1+4D.R )* (14D Ry) 38 (14D.R;)
3V RO sp
. = - &, 8P | (4)
3 6 8 3R,
¥
Dimensionless momentum eguation in 6 direction
1+D.R R Foxy (1+D.R,) 7\
1wV, e WAV .,y — 17 3tV
D 3R1 2 3 6 D 8R?]
_ 9oV + D.V__ S - S 3V = 4D
; ! . N . " 2 ; : x H
IR, (1+D'RT) (1+D'RT) 96 Re(1+D.R1)
R ‘. .
,du _ _ e 23 (5)
36 4 38

where, the dimensionless parameters; RT; V; u; P; D
and R, are defined in the nomenclature.
The dimensionless velocity components u and v may be
calculated from the following relations ;
oy
aR

v =

(6)

1

w=-—2 c 3 : (7)
(1+D.»R1-)' 3 b

while the radial velocity per mean axial velocity was
‘calculated from the following relation;

S .--2 , b  2¥ (8)
Re (1+D.R1) 3 0

Using Equs(6) and (7) in the - Equs(4) and (5), and
after eliminating the pressure term, the following
equation of motion may be obtained ;



vip . el B3 273w 3
2(1+D.R1) 3R1 3 6 “Re i ? 9 8R1
where ; -
r = vy
and '
’ V2 = 32 + D . _ﬁ_ (10)
- ?R% ’ 1+D.R1‘  ?31 .

In order to predict the pressure loss and friction
ratio coefficients, the following equations, [5]. were

used ; _
-PO. - P1
C = — (11)
p 3 B ERVES
‘ m-
P -P
fr=—° 1 23 (12)
SR R .0

In Eq(11) 51 is the averaée’ pressure over any

cross section of the channel.

- §1=a_ - - =a
Py =_/. P.RI.AdR/ _J RT;dR1H ‘ (13)
R1——a ‘ } R1—-a :

By using the fnutechifenaxe axxu&matuxm mxithe(hank-
Nicolson method, Egs(4, 5, 6, 8, 9 and 10) are converted into
the following simultaneous linear equation;

Re  Przs1,3+1) 7 Piz,0+1) Re
- _— . ~ C1' + C2 -
8 2 AR1 2.R(I)
S fe g e S Yagen o S
R (IIJ+1) 3 ‘ R RZ R2
(1) AP ) T B 1) (I)
R .C
+ —=-8 (3
R(I)
e Pwoenaa L. L Re v R
4 . ae T 5 7T TBITIHIITTIO
’ ’ ' V - . S B P S
N -

(I) R Re R(1)
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_ Yae, e Y a-1,040)
2. AR

Viz,a+1) ‘
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Re c(1,3+1) "% (1,3) -

C,,*C, . +C
ZR(I) A ®

14 715 716

“(r,a+1) T C17 * C1s

where :

Uir,g+1) " Y(1-1,3+1)
AR,]“‘ .

v Yo VL)

= Ur,ay -

o o Zae1,a 070 1,941 0 1-1,041)

3 2

| AR
= x+1,3+1) 71,941
4
AR1
o o 21,31 1,0 Y 1,9-1)
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o o eV,

6 A6

c. = Yae,001) TV -1,940)

7 = R Y, S =
: 1

Vi, 3+ V(1,9

C, =V ]
8 (1,J) .
Co =U(1,3) - V(I,J+1)
o - Viz+2,3+1) "V (1+1,3+1) VY (1,3+1)
10 ;
- ARG
Ci9 =,V(I+1rJ+1)—V(I,J+1)
AR, |
\V4 -
C12 = (I’J+1) 2V(IIJ)+V(IrJ-1)

A 92

(10)
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(1) 1 1

The value of axial velocity at any point of channel
cross section may be obtained from Eq(gl.‘ While the
values of radial velocities at points (I =1,2,..N)
were obtained from Eq(§). After obtaining all wvalues
of axial wvelocity, the accuracy of 'the,‘numerical
technique was obtained from the following relation;

Q - Q -d
(J) (J+1) 10 4

Error =

A

2(3) | 1
where; Q(J) is discharge at section (J) and“Q(J+1) is
the discharge at section (J+1). :

The dimensicnless static pressure distribution,
at the inner wall (I=1,J=J) and at the’ bgier wall
(I=N+1,J=J), was calculated from-the linearized finite
difference Eqs (4 and 5).
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The calculation procedure and the computer prog-
ram used to solve these equations are given in [6].
In the calculations,the following boundary and initial
flow conditions are used; at the inner and outer walls
the velocities are equal zero, Y= -1 at the inner wall
and y= 1‘at the outer wall. While at 6= 0, the follow-

ing conditions are used;

v=23 (1 - R%)/Z

Y = R1-(R§ - 3)/2

z = -3 R1 -3 (R% - 1)/2R
u =20

P = Po

3. RESULTS AND DISCUSSION

3.1. Axial veloeity distribution

A representative selection of the axial velocity
profiles, for different values of 6 are shown in Fig.
(2). From this figure it can be seen that the axial
velocity decreases in the inner half of channel by
increasing the angle (6), while the axial velocities
in the outer half of channel are increasing by
increasing the angle (8). This is due to the centri-
fugal forces which occur in the flow. By increasing
the angle ¢, the flow starts to separate on the
inner wall, as shown in Fig.(1). This point of flow
separation was found to depend on the value of channel
curvature ratio (D); it moves a way in the upstream
flow direction by increasing the value of (D), see
Fig. (3). The peak values of .axial velocities, which
occur in the outer half of channel, have higher values
for the case of higher curvature ratio than those for
the case of smaller D. This is because the centrigugal
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forces are increasing by increasing the value of (D).
From the results illustrated in Figs(3 and 4) for
Re = 500 and 2500, it can be seen that the axial
velocity profiles are similar in their trend and the
effect of Re on the axial velocity is not quite clear.
This is because the initial flow velocity was conside-
red as the mean value of axial flow velocity.

3.2. Radial velocity distribution

The radial velocities distributions at different
sections are shown in Fig.(5). From this figure it
‘can be seen that, at constant values of Re and D, the
radial velocity u decreases by increasing the angle o.
- The absolute value of this velocity in the inner half
of channel is higher than that in the outer half of
channel. This is due to the decay of axial velocity
in the inner half of channel. The effect of changing
the value of D on the variation of radial velocity 1is
quite clear in Fig.(6). The radial velocity increases
with D increases and the peak value of U moves to
the origin by decreasing the value of D. Concerning
the effect of Re on the 1 , the results for different
values of Re are shown in Fig. (7) .The radial velocity
decreases by increasing the value of Re as shown in
Fig. (7). This can be explained according to Equ(8), if
Re increasesfthe value of U decreases.

3.8. Pressure distribution

The results of dimensionless pressure distrib-
ution at the inner and outer walls for different
values of D and Re are shown in Figs(8, 9 and 10).
It is noticed, from these figures, that the pressure
at the inner and outer walls for any angle 6 increases
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by increasing the curvature ratio. The effect of
changing the angle (8) on the variation of pressure
is also clear in these figures; where the wvalue of
'pressure décreases with (6) increases, for all values
of D and Re tested here. The effect of changing the
value of Re on the dimensionless pressure distribution
at the inner and outer walls is also clear in Figs(9
and 10). From these figures it can be seen that the
variation of pressure along the curved channel increases
by increasing the Re. This 1is because the inertia
forces are larger than the viscous forces for the

case of increasing the Value of Re. From Fig. (8) it
can be seen that the pressure at the outer wall(Poi)
has a higher value than the pressure at the inner
wall along the curved channel. But the variation of
pressure difference between the outer and the inner
walls is small because the surface length of the outer
wall is longer than the length of the inner surface.

This variation increases by increasing the value of (D).

3.4. Pressure loss coefficient

The variation of pressure loss coefficient (Cp)
with the angle of curved channel (8) at different
values of D and Re is.illustrated in Figs (11 and 12).
At any value of 6, the value of Cp decreases by increa-
sing the curvature ratio; see Fig.(11). This is due
to the decrease in the value of pressure drop by
increasing the curvature ratio (D) as was discussed
in subsection 3.3. Concerning the effect of Re on the

variation of C the calculations were made for

pl
different values of Re and the results are illustrated

in Fig.(12). From this figure it can be noticed that,

at constant value of 6 and D,C_ decreases by increasing

. jo
the value of Re' Also from this figure it can be 'seen
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that the value of Cp increases sharply by increasing
the value of 8, for all values of Re.While for (D>0.3).
the rate of increase of Cp is slightly small, see Fig.
(11).

3.5. Friction coefficient ratio

The friction coefficient ratio (f')was calculated
at different values of D, Re and 6. The results are
illustrated in Figs(13 - 15) .From these figures it is
noticed that, the value of f' decreases with the angle
8 increases for all tested values of D and Re’ The
friction factor f' decreases by increasing (D), see
Fig. (13).The value of f' is equal to zero at separating
flow point, which moves back in the upstream flow
direction by increésing the value of D. This is due
to the increasing value of centrifugal forces by
increasing the value of D. For D = 0.1 the separation
flow phenomenon does not occur along the inner surface

of curved channel, which is assumed here to have angle

of curvature of 30°, see Figs(13 and 14). But for
D = 0.3, the flow separates at 6= 22.8°, and for
D = 0.5, the flow separates at 6= 13.8°., While for
D = 0.7, the flow separates at 6= 10.8°. From these

figures it can be concluded that, the separating point
in curved channels depends on the value of curvature
ratio of these channels. While the Reynolds number has
no significant effect on the separation flow phenomenon
through curved channels see Fig. (15).r This may be
connected with the  assumed initial flow condition,
which indirectly includes the Re'
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4. CONCLUSIONS

The behaviour of fluid £flow through curved
channels with different angles of curvature was stuided
numerically. From the theoretical analysis given in
this study, the following conclusions may be drawn :
(a) The general flow equations for fluid flow through

a curved channel are derived in terms of anglé
of curvature, curvature ratio and' the Reynolds
number. The equations are formulated-in the finite
difference form.

(b) The variation of inner pressure, outer pressure,
axial velocity, radial_ velocity, pressure 1loss
coefficient, friction coefficient ratio in curved
channel has been shown to depend significantly on
the angle of curvature, the curvature ratio and
the Reynolds number. N

(c) The separating flow pointiwas found to depend on
the value of channel curvature ratio; it moves back
in the upstream flow direction by increasing the
value of curvature ratio. For example, if fluid
flows through a 30° curved channel, the flow does
not separate at curvature ratio = 0.1. But it
separates at curvature ratio greater than 0.1 as
follows ;

i ) At curvature ratio
at 6= 22.8°.

ii ) At curvature ratio
at 6= 13.8°,

iii) At curvature ratio
-at 6= 10.8°.

0.3, the flow separates

0.5, the flow separates

0.7, the flow separates
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