
Sci. J. Fac. Sci.  Menoufia Univ. bl. VIII(1994) 

E l .  R .  Lashin 

Maths. Dept., Faculty of Science, Menoufia University 

In this  paper we shall prove the fol lowirg 

theoz-en:"Let E be a Banach space and F C E be a 

closed subspace of  E such that codin F = dim (E/F) = 

k < ui, and 1 e t g be a strongly non-si~gular f'ornl on E 

s ~ r h  that g lF  i s  wmk nor1 singular. T ~ I J  there 

exists a k-dirnensior2~1 vector subspace S orthogonal 

coolplenent to  F with respect to g such that glG is a 

weak ncn-sin,g~l ar  fore . " 

I .  1.  BY L,(E: R) we ciimote the space o t  a1 1 n-1 inear 

continuous functionals :E" -i R , where E is a Eanach space 
and R is the set of real numbers, n is a posi t ive  integer 

1.2. The silinear form g E L 2 ( ~ ;  B) is said to be strongly 

non-singular ( [ I  1 )  if 
* 

(i) g is synnetric (i.e. g ( s , y )  = g ( y . s l  for every x.y E E) 

which is bijective. 
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1.3.  Let X be a vector space. A linear set I1 c X is called a 

hypersubspace of X if H # X and there exists a vector y E X 
such that X is the linear span of H and y ( [ 2 ] ) ,  denoted by 

<H, y> .  A hyperplane in X is any set of the form x + H where 
Y 

x E X and H is a hypersubspace in X . ( [ 2 ] ) .  

Theorem 

Let E be a Banackt space and F c E be a closed subspace 
of E such that codim F = dim (E/F) = k < co, and let g be 

strongly non-singular form on E such that gIF is weak non 

singular. Then there exists a k-dimensional vector subspace 

G orthogonal complement to F with respect to g such that g jG 

is a weak non-singular form." 

Proof 4 

The proof of the theoreni is a direct conclusion of the 

following three lemmas: 

Lemma 1. 

If E: is a closed vector subspace of' the Banach space E 

i = l  
Y 

Proof. 
Let a . . . . .a  be the. basis u f  the spnce E/P. Cnns ic l t~r  

1 k 

, . . . .  G E such that P ( e )  = a .  , i = I . '  . . . . .  k, 
k i I 

1 

: v h t ~ r ~  I' : E -+ i 5 thtl mnotiic~l p:-:+j t i ~ r i .  

Let L(t. ) = x i  , 3 . i - - i . . . . .  k: = G .  Then 
1 " " '  k 1 
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x = y +z where y E G, z E F, ant1 this rcprescntation is 
unique. 

To prove this fact, let x E E , P(x) = kiai , 
i l,..., k , y = ljej E G I  j = I ,..., k , and z= x - y.  

* Then P(z) = P(x) - P(y) = 0, and this inplies that z E F. To 

prove the uniqueness, if O = hjej +z and z E F, then 
O= ~ ( ~ j e  -) + P(z) , i . e . ~(Aje .) =0 which leads to lje = 0, 

J J j 

and then hj = 0, j = 1, . .  .,k. It follows that z = 0 i . e .  if 

O = y + z  , y e G ,  Z E F ,  t h e n y = z = O .  

Since G is k--clirnensionill subspace of' E, then it is 

closed. Therefore E = G EI F is a direct sum of closed 

subspaces, which implies that the projections PG :E  --, G and 

PF : E + F are continuous. 

Define the functionals fi : G -t R , i = 1 ,  ..., k, 
1 if i=j 

where f (e) = 6,, (Si j= ) ' i , j = I , .  . . ,k. Taking 
1 J o if igj 

into account that G is a k-dimensional topological linear 

subspace , then fi , i = 1 . are continuous. Now 

assuning a. = fro . then u i = I ..... k are continuous. 
1 i '  

Since = 0, then a. (F) = 0 . therefore for every 
1 

i = 1. 2. . . . .  k 

k 
- 1 

Co~wersely. l e t  s a n n i  ( 0 ) .  then a (s)= ...= n (s)= 0. 
1 li 
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From (1. 

L T r n  2. 

-I 
l ) ,  (1.2) we have that F =  fl a (0). 

i 

A subspace F of the Banacfi space E is a hyperplane in 

E iff there exists a linear functional a E L (E; R),  a f 0 

such that F = a-1 ( 0 )  . 

Proof. 

Let F be a hyperplane in E, then there exists a vector 
x E E, xfO such that F e <x> = E, then from lemma 1 when k=l 

there exists a E L(E: R )  such that F = a-I (0) . . 
Conversely, let a E L(E; R ) .  a f 0 such that 

F = a-1 (0) then we have that 

(i) F c E, F + E, since a # 0, 

(ii) F is a linear subspace of E, 
(iii) F is closed, since a is continuous and {O) is a closed 

subspacc of R .  then F = a-1 ( 0 )  is closed in E. 
Moreover. since a # 0 then there exists a vector x E E 

such that a (XI # 0 .  Let a(s) = p # 0 and xo = s/p . 
then a (x0) = 1 . ,- 

Now we prove tha t  E = F e <so>. Let z E E' (I <xo>. 

then a (z) = a(X so) = h n(so) = h = 0 , X E W. then z = 0. 

To prove t h a t  I( c F e <x0>, 
v. 

let z t i; . z = ( "s cr ( z )  . so )  + a ( 3 )  .so. where 

cr(z) .soc.<ro>. s ince  t r ( z  - a ( z )  .xO) = 0 .  then z -:.r(i:) .so E F. 
IIeliw F = C Y - ~  ( 0 )  is a hyperplane in E. 



On Hyperplanes in banach spaces 

Lemma 3. 

Let g. E L (E; II) be a symmetric, strongly non-singular 
2 

bilinear form. Then for every x E E ,  x # 0, 

F = {y E E :g(x,y)=O) = <x>' is a hyperplane in E. 
Conversely, if a hyperplane F c E is given,then there exists 
a vector x E E, x # 0 such that F = <x>'. 

Proof. 

If x E E, x # 0, we we take a(x) E L(E; R) such that 

for every y E E, ax(y) = g(x, y). Then for every 

y E <x>', aX(y) = 0. i . e. <x>' = a-1 (0) , therefore 
from lemma 1 we have <x>' is a hyperplane in E. 

Now, if F is a hyperplane in E then by lemma 2 there 
exists a linear form or E L(E; R) such that F = a-l(0). But 

since g is a strongly non-singular, then there exists x E E 
such that for every y E E. ax(y) = g(x. y). Hence 

F = ax-1 ( 0 )  = {y e E : ux(y) = g(x, y) = 0) = <x>' . 

Now we are ready to prove the considered theorem. 

Suppose E is a Banach space and F c E is a closed subspace 

of E with codim F = k < a. Then by lemmas 1. 2 and 3, F can 

be represented in the form 
k 

n I F=,,<ri> such that for every i= I ..... k. <xi>' is a 

i = l  

hyperplane in E. wc define a set G where 

din G = k < a. G = < x I . .  . . .xk>. NOW ~e ha\-e to show that 

E = G e F  

Silppose that z,, E G 0 F.  then zo E CT ilr~d zO t: 1:. Hut fron~ 

the definition of G. z, E F ~ ,  then z ,  = 0. therefore 



E l .  R. Lashin 

For non-singularity of EI, , suppose that z E G 

such that g(z ,x )  = 0 for every x E G. This implies that zl G 

Consequently z E G fl F = {0), i.e. z = 0 and this shows the 

non-singularity of gl By construction of a base in G it is a- 
G ' 

easy t o  prove that g(e., e .)= 6i j  f o r  every 
1 J 

i , j  =l,.,.,k.([2J). 

Finally, it remains to prove that for every z E E ,  
i z = x +y where x = A ei E G , i = I ,  ..., k. y E F. This 

1 k 
means that se must determine 1 ,..., X E R such that 

i 
y = z - 1 ei E F which is  equivalent to (z - X i  e.) 1 1 ej , 

j = 1, ..., k. , 

i j 
Consequently g( z - A ei , e j ) = 0 and g(z, ej) = 1 .  

Therefore, for every z E E , z = g(z, ej).ej + y such 

that I g ( z .  ej).ej E G ,  y t F which means that E c G e I: 

i=l 
and this conpletes the proof of the  theorem. 
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