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1 - INTRODUCTION

Let X, ¥, r=1.. ¢ be Banach spaces, and let T., V.., 5=

=

1,....n be densely defined linear operators in X . A muliiparameier inear operator

LA =(T+Z0 A, V) X -mmmeees >Y,r=1..n0 (1D

where A_ = (?\,1,..., ?Ln) e " is an n-tuple of spectral parameters linking the n
operators, 18 known.as a.multiparameter problem.

In recent years, an abstract spectral theory for multiparamerer problems has

been developed for a system of equations

LA)E=g,r=1..n 12

where X = Y =H, r=1,.,n are complex Hilberr spacesand L, A), =
1, ... n are self adjoint operators: in particular T . has been self - adjoint while

Vi has been bounded and self adjoint. Given a certain "definiteness condition”

on the operators, the spectrum of the multiparameter problem has defined and
studied in terms of an associated set of commuting self adjoint operators in the

tensor product space H = H, ®..®H . For a full account of this work, we site

the monograph by Sleeman [8).

However, little work has been done on multiparameter problems involving nonself

adjoint operators. In this case, the definition of the spectrum outlined above is
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Results concerning the conjugate....... -
inappropriate, and it must be defined more directly in terms of the invertibility of

the operators L_ (A~), =1, .., n in (1.2) - see [5, 71.

In [5], the notation of an adjoint multiparameter problem in Hilbert space is
discussed : (T" + 2" A", V") is cosidered to be the adjoint of (T + Xs_; A,
V. ), where * indicates the adjoint of an operator in the usual sense. Some well

known properties relating to the spectrum of a linear operator and that of its adjoint

are extended to the multiparameter setting under the assumpﬁon that
' * * - *
T+ d V)T = @+ A V)

We note that this assumption is true if V-, s = 1,..,n are bounded [2, 6], so that

this assumption holds in the self adjoint problems studied in recent years.

.Here, we show that this assumption holds under some conditions which
allow VS, s=1,..,n, tobe unbounded. These conditions Vinvolve the notations
of Fredholm operators, relative boundedness and relative compactness of
operators. We define these in ¢ 2 and-¢ 3. In 4, we derive our main result

concerning the conjugate of a sum of operators and show its application to

multiparameter problems.

2 - Relative Boundedness and Relative Compactness

The concepts of relative boundedness and relative compacmess of an
operator are used extensively in the development of perturbation theory for linear

operators [2, 4, 9.

Definition 2.1 Let X, Y be Banach spaces. Let T, A be linear operators
with-domains in X and rangesin Y and D (T) <D (A);

() A is said to be relatively bounded with respectto T, or T-bounded if

HAull < allall + b Tull, uwe DD @D

where a and b are nonnegative contstants. The infimum, b., of all possible
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constanis b is caléd the T-bound of A.

(i) A is said to be compact with respect to T, or T-compact, if, for any sequence
{un} ¢ D (T), for which {un} and {Tun} are bounded, {Au n} contains a

convergent subsequence.
The following generalises Theorem IV 1.1 in [3].

Lemma 2.2 Let T, A_, s=1, ..., n be linear operators form X into Y, and A

be T-bounded operators,
i Asu“ < asH ull + by HTall, ue DM, s=I, ...,n.

n n n
Then z As is T-bounded. If Z bs< 1, then L=T+ Z Aq is closable if

s=1 s=1 s=1
if and only if T is colsable. Further L is colosed if and only if T is closed.
n ] -

Proof: For ue D(T)< N D(AS)
§=1

n n

n : hl .
N2 Al s XAl <X a) il + (X b) I Tull 2.2
=1

s=1 S= s=1 s=1

Now, forue D(T)=D(T) -

5 | .
Hiall =l Ta+2 Aull < HTall + 113 A ull
s=1 s=1

Form (2. 2) we et
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n n
Nl < (X a)ludl+ @+2 b))l Tull @.3)
s=1 s=1 ‘

Also, from (2. 2) we get

' . . n n n
/Lol 2N Tall 10X Aullt 2 oy 1l all+ 02 byl Tull.
' s=1 s=1 s=1 (24)

From (2. 3) and (2. 4) we get

n ) n n n
-(Z‘as)ll ull 4 @-2 bl Tull<ll Lall s(Zas)ll ull + @+ 2 bl Tull .
. Fl . . N

s=1 s=1 s=1. (2- 5)
Suppose {u }, D (T)is T-convergent sequence i.e. L >u
and T u ----vmemme >V 85I ~e-——emes > co.. From the second inequality of (2. 5)

we see that {u } isalso L-convergent. Similarly we see from the first inequality

of (2. 5) that an L-convergent sequence {u ) is T-convergent. If {u }is L-

convergent 10 zero ie. U - >0and L v T >V 38N —mmmmmemmee > oo,
itis T-convergent to zeroie. u ---—--->0and T U o> W 2SI —meoee > oo,
If T s closable this implies Tu_ --roreceve > 0 and it follows from the second
inequality of (2. 5) that L u, ----------> 0, which shows that L is closable

Similarly, T is closable if L is closable.

That L is closed if and only if T is closed follows as ablve.

4

. . n
Corollarv 2.3 Let T, AS, s=1, ...,nbeasin Lemma 2.2 where 2 bs < 1.
s=1
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s
is Ls~bounded where LS =T+ 2 Al ,1<s<n-1, with Ls-bound

i=1

Then A

s+1

smaller than one

S
Proof: Since Tu=LSu-ZAiu, 1 € D(T). Then

i=1

n 1] n
HTull <l gl + 21 Aull < WLall+2 allull + 2 bl Tull

s=1 s=1 s=1

- - n n
Lell Tl -2 b))l (2 a Mull +llLplly,

s=1 s=1

But

A, ull < g, Mol + b, fITall

hence

il AS+111”'§‘ < (xs+l i u“ + BS+1 1l Lsu”

a, b,
where oy = (1- 2 007 @ + 2 A ) 4o =] | and
- os=l s=1 a. bs+1
n
B =1-2 b by

s=1
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n L on n
Sincez bi<1=>z b+ b, <1 =>bs+1<1-z bi_=> Bs+1 <1
s=1 s=1 : s=1

Therefore AS +1 is Ls -bounded with LS -bound smaller than one.

For T-compact operators we have the following result which is

generalisation Qf Theorem IV 1.11 of [4].

Lemma 24 Let T, A, B be linear ope;atorS'fromX into Y, where A and B
are T-compact operators. If T is closable, then S=T+A isclosable and B is S-

compact. Further, S is closed if T is closed.

Proof: Assume that {n n} and {Sdn} are bounded sequence in X: we require 10

show that { Bun}contains a convergent subsequence. Since B is T-compact, this

follows if we can show that {Tu ] contains a bounded subsequence. Therefore,

suppose this false, so that I Tu_ H —weeeeeee >eo. Set v =v /Il Tull. Then,
PTYE e — > oo
@) vy - > 0, Gi) Svn-~-~--> 0 Gi) 7 T\!n// =1 (2.6)

Since A is T-conpact, {Avn} contains a convergent subsequence. Thus,

replacing {u_} by a suitable subsequence, we may assume
)

Then, using (2:6) (ii) and (2.7)

Tv s 8v -= AV —-—m > -w. (2.6)

Now, since T is closabel (2.6) (i) and (2.8) imply that w=0. However, this
contradicts the fact (-w) = fim Tvn and Tvn Il =1, for all n. Thereforc the

supposition that {Tv, } does not contain a bounded subsequence is false.
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Thus, again replacing {u_} by a suitable subsequence so that {u } and
{Tu,} are bounded, we deduce that {Bu n} contains a convergent subsequence

since B is T-compact. Thus, B is S-combact.

That S is closablé, and S is closed if T is closed follow directly from [4,
Theorem IV 1.11].

¢ 3 Fredholm Operators

Definition' 3.1 A linear operator T from a Banach space X into 2 Banach
space Y is said to be a Fredholm operator if T is closed, its range R.(T) is
closed, and its-nullity o (T) = dim N (T) and deficiency 3 (T) = codim R(T) are
both finte.

The set of all Fredholm operators from X into Y is denoted by ¢ (X, Y).

The following properties of Fredholm operators are well kfxown 2. 4].

Pl: If T isadensely definedthen Te ¢ (X,Y) ifandonlyif T ¢

(X,Y) where T is the conjugate operator of T.

P2: If Te ¢ (X, Y)and A is T-bounded with a+y(T) b < y(T), where
v (T) is the minimum modulus of T, then T+A € ¢ (X, Y).

P3. If Te ¢ (X,Y)and A is T-compactthen T+A < ¢ X.Y).

0 4 The Conjugate of a_Sum of Operators

If T and A. are densely defined operators then it is well known that (T+A) 2

T + A", The following results provide sufficient conditions for equality:

Theorem 4.1 Let T and A be densely defined linear operators from a Banach

space X into a Banach space Y,

(i) ¥Tisclosed, D(T) £ D(A), D (T‘) < D (AY), and there exist constants 4,
be R, b<1suchthat
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Aol < allul + b HTull |, we D@,
Ha el <aliell s pllTell | fe DT

Then, (T+A) =T +A".
@ETe ¢ XY A is T-combactand A is T -combact, then (T + A)” =

T +A".

Proof: We refer 1o Hess & Kato {3] for proving (i) and to Beals [1] or Goidberg

{2 p. 124] for proving (ii).
The results of ¢ 2 aﬁow us to extend these resulis.

Theorem 4.2 Let T, AS, s=I, ..., n be densely defined oper:*~rs from X into

-Y and T beclosed. If

n n
DM <n D(AS) and D(T) < 1 D(AS‘);
s=1 s=1
n
(i) there exist constants a, bs € R, s=1,...,n, Z bS <1 such that
§=1
”Asu“ < a Hall + bSHTu” , ue D((D);

HAs‘fH <a Hell + bSHT‘fH , fe D(T)

o .. n
then (T+ LAY =T + 2 A" 4.1
s=1 s=1

-

Proof: The result is true for n=1 {it becomes Theorem 4.1 (i)}. Assume that

X K
(4.1) holds for n=k. Let Ly =T+ 2, A, sothat L," =T+ 2, A", By Corollary
o .=l s=1
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’7 M LE - . - P - y « . .
2.3, AK RS Lk bounded with LK bound smaller than one and also AK+1 ig
LK‘ -bounded with the same LK -bound as Lk -bound. From Lemma 2.2, LK is

closed operator. Therefore, by Theorem 4.1

(Lp t g ) = Ly Tag

K+i K+1
e (T+2 A =T +2 A
s=1 s=1

Thus, the result is proved by induction for any finite n.

Now we consider the generalisation of Theorem 4.1 (i) when the operators
AS, s=1, n are T-compact. The technique of the proof is the same as
Theorem 4.2. We omit the proof.
Theorm 43 Let Te ¢ (X,Y) with D (T) densein X. If AS: X 2D (AS) .

-------- > Y, s=1, ...., n are T-compact and Aq‘, s=1, ..., n are T -compact,

-

n n
(T+ 2 Ay =T +2 A .
s=1

s=1
Corollary 44 Let T and AS asin Theorem 4.3, then

n n
(T+ 2 AAY =T +2 A A forall (A, ...A)e ¢".

s=1 s=1
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INTRODUCTION

n-tuple of spectral parameters linking the n
Sleeman [8]. - see [5, 71. In [5], [2.6], so that

[2, 4, 9]. “T-compact, eD  uwue e¢Db T

2 /A WSS ILpl+ Y a Sul + 2 b)) S Tud

> b+ b, <1 =>bs+1<1-z b, => Bs+1 <L

T, A, B

@) v, > 0, (i) Svyreem> 0 (i) #Tv, /=1 2.6)

Then, 2 22 2 > o o 2 2

2.3, AK +1 is Lk ~-bounded with LK -bound smaller than one and also AK +1‘ is
LK‘ -bounded with the same LK -bound as Lk -bound. From Lemma 2.2, Ly is

closed operator. Therefore, by Theorem 4.1

(T+ 2 A Ay =T+2 AAS forall (A, ..A)e ¢".
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