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Abstract:

The dynamic Dbehavior of linear systems viewed in
discrete~time is usually described by 1linear difference
eéguations. An n-th order linear difference equation can
be constructed using the difference of the output of the
system up to the n-th order difference, or using the
values of the output of the system at n discrete instants

of time.

According to the problem to be solvéd one form of
the difference equation may be more convenient than the
other. T he conversion from one form of the difference
equation to the other is a problem of calculating the
coefficients in the needed form knwoing the coefficients

in the other form.

In this paper we give a simplified method to calculate
the coefficients in one formvof the n-th order difference
equation knowing the coefficients in the other form. To
illustrate the proposed method an example of 7-th order

)

eguation is worked. : by

Bl
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I- Probiem iorrulati.o

The dvrowmie ©o-o:vior of a system viewed in discrete-
time is usuri. described by difference equations. An

n-th order Z:ir ar difference equation of the form:

BY(K) + a (<) AWK+ ...+ a (k) ¥ (k) = ulk) (1)

AfY(k) = Thz r-th order difference of Y(k) computed

by the roruta; [1]

s
Nyik) = $— (D) v (k+xr - i) (2)
i=0 -
In many cases it i3 wmeore convenient to write the
_difference eguation (1} .: the form; [2]
Y(k+n) + b, (x} v(kim=1) +...4b (k) Y(k) = ulk) (3)
NS S« tTorm of the differnce equation it is

required tc ootain the other form. This can be accomplished
by computing the coefficients b, (k) knowing a (k), or by
cemputing a, (k) knewing b, (k); [1].

II- From a (k) to bi(k).

For +rne u-th order difference eguation the relation-

shiv “hetwisn : goeoeificients bi(K) and ai(k) can be

descsibed ry ¢ ¢ foilowing matrix equation:

-1 -~ - 1T -

b.{ s a.:.. C,]nlk) a1.(k) d.‘(k)
| . . .

b,k |= | C. (k) a; (k) |+d; (k) (4)
|

bnlﬂ ik v+ -Cp k) an(k) dn(k)

b = = . - e -
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The coefficients cij(k) and d, (k) can be computed

by the following formulas:
0 i3, idn

, i o= 5 O (5)
_qyi+3 : .
(-1) (] ci,j+1l+lci+1,jl)l ;) 3

a; (k) = (=D ey, [+ | | ) (6)

In simplified notation the mtarix equation (4) can

be written in the form:

B(k) = C(k) A(k) + D(k) o (7)
B{k) = The required nxl column matrix}v 7

A(k) = The known nxl column matrix;

C(k) = An nxn sguare mat{ix-tb be constructed;

D(k}) .= Ban nxl columg matf%x to be constructed.

III- Construction procedures for the matrics C(k) and D(k).
The matrix C(k) is a lower triangular matrix and

can be constructed as follows:

For a seventh-order equation proceed as follows:
1. Construct a 7 x 7 matrix with all the diagonal elements
equal to unity;
2. Put all elements above the diagonal equal to zero;
3. In the last row put ones with changing sign from right

to left;
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4. Compute the remaining elements of the matrix going from
right.to left and from below wupwards by summing the
absolute values of the two elements at right in the
same row andv the row in below changing the sign to

the opposite at each step;

5. Go upwards to complete the matrix.

For our example of 7-th order equation, we obtain:

R 0 0 0 0 0 0
-6 1 0 0 0 0 0
15\§ B 0 0 0 0
~*\\ f“\\\sf
clk) = |-20 10 4 1 0 0 0
15\,13\2\-3 1 0 0
RN NS
i Tt | e 1:_\-13 1 e = | e ]

After computing the matrix C(k) we can compute the

column matrix D(k) as follows:

1. The value of the first element from above in .the column
‘matrix D(k). is the sum of the absolute values of the

two elements from above in the first column C(k);

2. The sign of the first element in D(k) from above is

always negatiVé;
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zrruction of the matrix H(k) can be accomp-
“oilowing. ~rocedure explained on an example

~rder equation:

w2 7 ox 7 matrix with all the diagonal elements

2= =lements above the diagonal equal to zero;

rov, the seventh in this example, put ones;

rzmaining elements of the matrix going from

zna from below upwards by summing the values

zlaments at the right in the same row and

oD

Lo complete the matrix.

example of 7-th order equation, we obtain:

-
f 0 0 0 0 0

v

5 ¥

/S

— s D s (N agmr Lo omtn —
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3

i

The column matrix F(k

After computing the matrix Hiik

column matrix F(k) as followss

1. The value of the first element

the sum of the two elements from

of
2. The value of the second element from akove in F(k) is
the sum of the second and the thicd elements L[rom above
in the first column of H(k), etc.
3. Go downwards to complete the column matrixn.
For our example of 7-th order equation. we cobtain:
7
21
35
Flk) = 35
21
-
i /
e
i1
ol
From equation {(12) we can an expression
for B(k) knowing A(k}:
. -1, o . g
B(k) = H (k) [A(k) - E{x} | 12)
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3. The value of the second element from above in D(k) is
the sum of the absolute values of the second }and the

third elements from above in the first column of C(k);

i

4. The sign changes to the oppbsite in each step.

For our example of 7-th order equation, we obtain:

- 7
21
-35
D(k) =] 35
=21
5
-1
Iv- From b, (k) to a,(k)
T® compute A(k) knowing B(k), we obtain from equa-
tion (7):
alk) = ¢

(k) [ B(k) - D(k) ] ’ . (8)

To avoid the computation of the dnverse matrix

9—1(k) we can use the folowing procedure:

Let the needed transformation from bi(k) to ai(k)

be described by the matrix equation:
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pe - r ' P
a (k) T oy, 0 SETRIE TE TR I LTS B Y
8 (k) cepre hyylk) by(k) |+ 2,00 | (o)
. W . ' : :
8, (%) hoyfk)  wuulie B (K) by | | £ ()
1
R B nn J L) L J

The coefficients hij(k) and fi(k) can be computed
by the following formulas:

0 1 &3 i>n

hij(k)!ﬁ 1 i =9 (10)

By, a1 *hygy, 4y 123
£L0R) = hyy (k) + Ry (k) (1)

In simplified notatioen the matrix equatien (9) ean

be written in the formi

A(k) = H(k) B(k) =+ E(k) (12)
Al(k) = The required nxl celumn matrix;

B(k) = The known nxl ecolumn matrix)

ooms
-
i

An nxn seguare matrix to be construeted)

An nxl ecolumn matrix to be censtructed.

[fm2s
-
m

V= Construction procedures for the matrices H(k) and F(k).

The matrix H(k) 1s a lewer triangular matrix with
its diagonal elements equal to unity and with the last row
(i=n) consisting ef +1'e. All the elements of the matrix

H(k) are positive,
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VI- Conclusion.

Simple procedures are obtained to relate the coeffi-
cients in the two forms of the difference equation. Without
doubt these transformation procedures from ai(k) to bi(k)
and from b, (k) to ai(k) as the specified proﬁlem requirés
are very simple and much more easier and quicker to caryy
cut 1if compared with wusual formulas specially when we

deal with high order eguations.
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