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Abstract: 

The dynamic behavior of linear systems viewed in 

discrete-time is usually described by linear difference 

equations. An n-th order linear difference equat~on can 

be constructed using the difference of the output of the 

system up to the n-th order difference, or using the 

values of the output of the system at n discrete instants 

of time. 

According to the problem to be solved one form of 

the difference equation may be more convenient than the 

other. T he conversion from one form of the difference 

equation to the other is a problem of calculating the 

coefficients in the needed form knwoing the coefficients 

in the other form. 

In this paper we give a simplified method to calculate 

the coefficients in one form of the n-th order difference 

equation knowing the coefficients in the other form. To 

illustrate the proposed method an example of 7-th order 

equation is worked. :. \ 
A 



I- Problem i , > r r u l a t l  i .  

The J : l c  l o r  of a  s y s t e m  v iewed  i n  d i s c r e t e -  

t l x e  is  ~ : u : ~ .  d e = c r ; b e d  by d i f f e r e n c e  e q u a t i o n s .  An 

n - t h  o r d e r  1Lr ir d i f f - ~ e n c e  e q u a t i o n  ef t h e  form:  

h r y ( k )  - TI?? r - t h  o r d e r  d i f f e r e n c e  of ~ ( k )  computed 

h; t h e  r o r u l a ;  i 1 j 

$ 

I n  many c a s e s  it -. ->%. ,,,_,e con: -enient  t o  w r i t e  t h e  

*, c, d i f f e r e n c e  e q l a t i o n  ( 1 '  -..- f c r m ;  [ 2 ]  

- A  r _.. F,rm of t h 7  d i f f e r n c e  e q u a t l o n  it 1s 

r e q u l r e d  t c  .ZZ t a l  n t h e  o t . i e r  for-, ?nls c a n  b e  a c c o m p l i s h e d  

by c o m p u t ~ n g  t h e  c o e f f ~ c r e ? t s  3, - (Ll kncwlng a i ( k ) ,  o r  by  

ccmpu t lnq  a I k )  <ncwirig b, i k )  ; [ 1 1 .  

11- Izcz?: a ,  (k) to Si(k) - 
F c l  : -'h crricl 6 : f f e r e n c e  e q u a t i o n  t h e  r e l a t i o n -  

dc  _ i b e d  - ' . i l owlng  T a t r i x  equation: 

a i ( k )  c a n  b e  



The c o e f f i c i e n t s  c (k) and  d i ( k )  c a n  b e  computed  i j 

by t h e  f o l l o w i n g  f o r m u l a s  : 

I n  s i m p l i f i e d  n o t a t i o n  t h e  m t a r i x  e q u a t i o n  1 4 )  c a n  

b e  w r i t t e n  i n  t h e  form: 

B ( k )  = C ( k )  A ( k )  + g ( k )  - - ( 7 )  

B ( k )  = The r e q u i r e d  n x l  column m a t r i x ;  - 

A ( k )  = The known n x l  column m a t r i x ;  - 

CLk) = An nxn s q u a r e  m a t r i x  t o  b e  c o n s t r u c t e d ; .  - 
D ( k )  = An n x l  column m a t r i x  t o  b e  c o n s t r u c t e d .  - 

i 

111- C o n s t r u c t i o n  P & e d u r e ~  for t h e  matrics C(k)  a n d  g ( k ) .  

The m a t r i x  c ( k )  i s  a  l o w e r  t r i a n g u l a r  m a t r i x  and  

c a n  b e  c o n s t r u c t e d  as f o l l o w s :  

F o r  a  s e v e n t h - o r d e r  e q u a t i o n  p r o c e e d  as f o l l o w s :  

1 .  C o n s t r u c t  a  7 x  7 m a t r i x  w i t h  a l l  t h e  d i a g o n a l  e l e m e n t s  

e q u a l  t o  u n i t y ;  

2 .  P u t  a l l  e l e m e n t s  a b o v e  t h e  d i a g o n a l  e q u a l  t o  z e r o ;  

3 .  I n  t h e  l a s t  row p u t  o n e s  w i t h  c h a n g i n g  s i g n  f rom r i g h t  

t o  l e f t ;  



4. Compute the remaining elements of the matrix going from 

right to left and from below upwards by summing the 

absolute values of the two elements at right in the 

same row and the row in below changing the sign to 

the opposite at each step; 

5. Go upwards to complete the matrix. 

For our example of 7-th order equation, we obtain: 

After computing the matrix C(k) we can compute the 

column matrix g(k) as follows: 

1. The value of the first element from above in .the column 

matrix g(k) is the sum of the absolute values of the 

two elements from above in the first column C(k); 

2. The sign of the first element in g(k) from above is 

always negative; 



- .- .?"_cn of t h e  m a t r i x  H(k) c a n  be  accomp- 

z .  loi7lng, -r ocedure  e x p l a i n e d  on a n  example 

- r :~er  e q u a t i o n :  

- 7 x 7 m a t r i x  w i t h  a l l  t h e  d i a g o n a l  e l e m e n t s  

_ I a i n r n t s  above t h e  d i a g o n a l  e q u a l  t o  z e r o ;  

- x  ? . t h e  s e v e n t h  i n  t h i s  example ,  p u t  ones ;  

- - a > a l , l l n g  e l e m e n t s  of t h e  m a t r i x  g o i n g  from 

;' from below upwards b y  summing t h e  v a l u e s  

-- - - L a t  t h e  r l g h t  i n  t h e  same row and 

- , , -- , ~ p l e t e  t h e  m a t r i x .  

%* 3 - - . .im21e of 7-th o r d e r  e q u a t i o n ,  w e  o b t a i n :  



The column m a t r i x  F ( k )  has a l l  i t s  elements p o s i t i v z .  

A f t e r  computing t h e  m a t r ~ x  3 ' )  -,s C ~ C L  c;r;p;te cris 

column m a t r l x  E ( k )  a s  f  o i lows :  

. - 
2 .  ;ne v a l u e  of t h e  second  elemenr f r c i ~ ?  3 ? 7 - - ~  1ri - k . i k ;  il: 

- - 
t h e  sum of t h e  second and ths t h i r d  -c~w. :sr , ts  f r o m  abovs 

i n  t h e  f i r s t  column of' g( k) , e + c ,  

From equat-,32 ( I 2 )  we E r :  L .  an expressim 

f o r  - B(k) knowing &(k!; 

- 1 , , 
~ ( k )  = H i k )  [&(k) - F ( k >  j - - - , $ 3 )  



3.  The v a l u e  of t h e  second  e l e m e n t  from above  i n  D ( k )  Is - 
t h e  sum of t h e  a b s o l u t e  v a l u e s  of t h e  second  and 

t h i r d  e l e m e n t s  f rom above i n  t h e  f i r s t  column of C - 

t h e  

( k ) ;  

4 .  The s i g n  changes  t o  t h e  o p p o s i t e  i n  e a c h  s t e p .  

For o u r  example of 7 - th  o r d e r  e q u a t i o n ,  w e  o b t a i n :  

IV- From bi(k) to a.(k) 
1 

' T g  compute ~ ( k )  knowing B ( k ) ,  w e  o b t a i n  f rom equa-  - 

t i o n  ( 7 ) :  

To a v o i d  the c o m p u t a t i o n  of t h e  i n v e r s e  m a t r i x  

- 1 
C (k) we c a n  u s e  t h e  f olowing p r o c e d u r e :  - 

Let  t h e  needed t r a n s f o r m a t i o n  f rom b i ( k )  t o  a i ( k )  

be  d e s c r i b e d  by t h e  m a t r i x  e q u a t i o n :  



by the f o l l o w i n g  formulae:  

%n e i m p l i f i a d  n o t a t i o n  t h e  matr ix  e q u a t i o n  (9) can 

be w f  i t f  en i n  t h e  formi 



V I -  Conc lus ion .  

S imple  p r o c e d u r e s  a r e  o b t a i n e d  t o  r e l a t e  t h e  c o e f f i -  

c i e n t s  i n  t h e  two forms of t h e  d i f f e r e n c e  e q u a t i o n .  Without  

d o u b t  t h e s e  t r a n s f o r m a t i o n  p r o c e d u r e s  f rom a i  ( k )  t o  bi (k) 

and from bi (k) t o  a i  ( k )  a s  t h e  s p e c i f i e d  problem r e q u '  ires 

a r e  v e r y  s i m p l e  and much more e a s i e r  and q u i c k e r  t o  c a r y y  

o u t  i f  compared w i t h  u s u a l  f o r m u l a s  s p e c i a l l y  when we 

d e a l  w i t h  h i g h  o r d e r  e q u a t i o n s .  
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