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Abstract: 
This p:lpcr deals with the muhiple objective linear pro:;,ranuning problems wilh fuzz), rou£h 

coefficients. Wc consider the problem by inCOlj>oralillg fuZ'Zy rough coclTlcicnt s into :t multiple objeclivc 
lineor progril111ming framework . A solution COIIC..:pt (hat is tlllractivc from the strand points of feasibililY 
tlild rough emdeney is specilie(1. A nCCCSS:lI)' and sttflidcllt condilion lor such :l solution is eS I;lblish~11. 

r\ llullleric:l! c.'(ample is also included for Ille sake of illustration. 

I. Introduction 
Making decisions il1volvillg mliitiple 

objectivcs is n d<lily lask for n 101 of rcse.:!rcilcrs in 
the more diverse fields. I-knce Illultiple objceti\'c 
decision making problems have defined :l very 
well Siudied topic in Ihe general nrc.:! of decisioll 
making IheOl)'. In particu lar. ll1ultiobjcclivc 
decision making prob lems which cn n be modeled 
ns mathematical prograll1ming prob le11l s arc nlso 
well known. 

The involvemenl or diOcrcnl kinds of 
fuzziness in these problems is all ill l~ reslillg 
mailer. It has receivc:d n greal denl of work sincc 
the early 19805. This is due to the f;)cl tbol 
decisi(lf} makers h<lve some lack of precision ill 
staling some of Ihe parameters involved in the 
model. 

The multiple objective lincor progrtlmming 
problem arises when two or more 1I01l compt.trnblc 
linear criterion functions are 10 l>c Silllult<llu~ollsly 
optimized over :l polyhcdrnl sel. 

Milny researchers nre concerncd with this 
subjecl. (sec , for instMCC. Kuhn and Tucker [6j , 
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T;lIlUIrtl and Miura li S). Yangcldcrc (17) and 
Zadeh [I g I ). 

Tan:lka and As.,i [ 16 J formulJlcd 
Illlll:iobjccti vc lillenr progwlllnling probkms \ ... ilh 
fuzzy p.lr~lIl1elers . This has be done by lollowing 
the fuzzy decision or minimum o)X'r.lIOr proposed 
by Oelll11u.n and l..1deh (2J logether wi l iliriallgll l~r 
melllbership functions for fuzzy patJllle\e/'S. They 
considered tWO types of fuzzy Illultiobjccli"c 
line~r progrnmilling problems. One is 10 delennine 
lite nOll fuzz), solution ;lnt! Ihe ollte r is 10 

dctcrmine Ihe fuzzy solution. There <Ire din~'renl 
Illethods for comparison of fl'ZZY num~rs 
[1.3.4.9.13.14J . One of the most convenient 
melhods is the comparison by inlegrDlion (1 ,4.9] . 
By using the concept of comparison of fotzy 
numbe rs. Maleki and Tala [8J. introduc~d a new 
method for solving thc fuzzy number l ine~H 
programming problems. . 

The notiOIl of rough sets has been introduced 
by PawlJk [I I]. and subsequently the ;llgebraic 
oppro:lch 10 rough sets was studied by Iwinski [5J . 
The concept of fuzzy SCIS wos invt:stigated by 
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(I)A = 11 ¢:) AI. = Bt.Au = B,,; 

(2)A c: B ¢:) At. c: BL.A'I C Bu; 

(3)AuB=(A L uBL..A" u BII ); 

(4) A f""I B = (AI. f"'\ Ht.. Au""" 81/)' 

Definilion 2.8 (tOI 
lei U be a set and j3 a Boolean sub algebra of 

the Boolean algebra of all subsets of U. Let L be a 
lattice. lei X be a rough set then, X=(XL.XU)e 132 

withXLC XU· 
A fuzzy rough set A-(AL ,Au) in X is 

characterized by a pair of maps 
P", : X t ~ L. }.lA,.. : XII ~ L with the property 

Ihat flA( (x) $ JiA. (x) 'V x E Xw 
For any ' two fuuy rough sets 

A = (AI.' All ).B = (8/.. 81/ ) in X then; 
(1)"'-8=#,4 (.l)apS (.l)'f,fEXL ,PA (xl 

L L U 
·P8 (X)'O'.lEXU : 

U 
(2)AC8~PA (;l)SPS (x)'O'.l'&XL,P" 

L L U 
l.tH P8(J (x)'tt.tE Xu : 

(3)C c: A v B e::> p(', (x) = max{p ... (x)." _, (x))'o'r eX! . 

p(~ (x) ': ma.-<{jJ", (.c).P .. , (.,»'0',1' E X,,; 

(4) D ': A r"\ 8 <::) Po, (x) .. min tJl~ (x).,u" (x)}'o'x EX, . 

PI/" (x) = min {,u A,. (X). II .... (x) }'<1x e XI" 

Definition 2.9 
The a-cuI of a fuzzy rough set A ;s 

Ao = (Al ,All ) where. - . 

I)cfin ilion 2.10 
A fuzzy rough sel A = (At. Att) is silid 10 be 

convex if A,. and All are convex ruzzy seiS. 
I.e. 

)' A «1- A)xl -t ,(x2) 2: min(,u I {.,I,. 
L ' L 

P'''L (x2))V~ e(O,II ,.l.1,X 2 E XL 

PA HI-A)x'+,u2).!.min(IIA (."1. 
U U 

II". (.,2UVAE lo.ll .xl.x2"xu 
-u 

DefinilioD 2.11 
A fuzzy rough sel A = (AL , Au) is said 10 be 

normalized if there exist an 
x e X,. SUChfhot )1..-4, (x) = I 

Definilion 2.ll 

A fuzzy rough set A '= (A, . • At · ) which is 
continuous, convex and nonnalizcd is said to be a 
fuzzy rough number. 

Definition 2.13 
Let 
X = (XL' XII) ;; «X~, X;, ),(X~. X!~ ) ..... (X~. X,:» 

and r be a function defined by 
j :(X1 .. X o )-+(R,R). The extension principle 

stales thilt r can be: extended to n-tuples ordered 

pairs «a: .• a,t,).(a:. .a/,), ...• (a;.a~» where 

A = (AI .. A(f ) is a fuZzy rough subset of 

(X I.' X/ / ) ::IS follows; 

3. Problem Formulation 
3. ), St:l.tement orThe Problem 

Consider the mathematical prognun 

( D) (-. -, -') r t : max C x,C x •... • C x, 
- -
Ax -S b . 
x2:0 

where c'(j = 1.2 •. ..• k) are n-vectors. b 's <111m­

vector and Ii an m x n matrix, all having rllZZY 

rough components. 
By using the concept of fuzzy rough sets. 

problem (I';) converts to the following two fuzzy 
problems. The first of the lower bound for the 
rough parameters and the second of the upper 
bound for the rough parameters. 

(P ) (- . -, - ') 
I. : max CI.X,CI.x, ... ,c,. x , 
- -
AI.xSb,. 

X 2: O. 
and 

( n ) (-. -, -' ) 
r (l : max cux,cu x •.... cux , 

Atlx.s: bu 
x:?: O. 

Here, we must specifY the appropriate 
solution concept for th is problem. For lhis task., 
we define the following solution concepfs. 
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3.2. a-Fuzzy Rougb Feasibl~, p-Fuzzy Rough 
Efficicol and satisfying solution for (PI). 

Defmitioo 3.2.1 (a.Fuzzy Rough Fcasibh:) 

Consider a = (aI'O'l', .. ,a.),a, E (0,1], 

x e X = {x e W : x ~ O} is said to be a-fuzzy 

rough feasible for (p.) if 

j.J~( (F.,) ~ a"jJl~. (F~ . ) 2: " , 

where, 

~ =(A, xSb, ,X20). , , , 
~l' ={A~ , x5.ii. .. ,X20}.i=I,2 .... ,I/I, 

Using the extension principle we have 
Il, = supmin(p;; (0'1 ),/fg. (0;2 ), ... ,p;; 

'l " ' t l ', 1, l "t 

(0/,,< ),J'i,t (b,~)) 

f.iF' = supmin(f.io (ail ).1';; 
'II "11 1/ ,111 

Consider now tbe following mathcmatical 
program; 

( 0) (-' -, -') '-J : m.:l.X C X.C x ..... e.'( , 

xe 0 c X = {XE R" : -' ;;, O} 

Definition 3.2.2Ip·Fu12Y Rough Efficient) 

.\'0 E D is p·fuzzy rough efficicnt fo r (p); if 
there is no 
x E 0./ E (1.2 ..... k) : I'i ', (C,);;' P.I',; (Co);;' fJ 
where. 
r , • ,.tn . I I 0 / . 1 1-10 I I 0 
~L .. l(rL "· ··'L)1 f(.;r ~cl.s .... 'L " ~ CL 6 , ciJ~~(.s . 

'.1 '" '.1 0 I '0. ("/. s ... c/. J ••.• . (L~~.:L .• .. 

r , • ,.ul. I I 0 .r-I I _I 0 / I 0 ... t;·I{(U·····clJ·J. c(}~~CU" ~ ,, ' U s~'u .f . r/J:ucUs . 
hi /. 1 0 .i • 0 
~U s 2:. cU ~ ..... cUS 2:.CUS J. 

C~.C" are Ihe set of all lower and upper fuzzy 

coefficient for the fuzzy rOllgh coefficient C 10 

problem (P, ) . 

On account of the eXlension principle. 

JJ .. (c l ) = supmin(.u,.." (c: ).)1 -:, (ci ), ... ,)1,-: . (c:))"~ p, 
t ., . f < l ' 

)1~ . (cu ) "" sup min ()1i',' (c,t, ). /It.,' (CI~ ) ..... Jlj"'~ (CI~ }) O!: P 

Ddiuillon 3.2.3 
.To E X is an (a,p) satisfying solution [or (PI) if 

ond only if ,\"0 is P-fuzzy rough efficient [or the 
program 

(P) (-' -, -') ,I : nUlX C x,e x ... . ,e x I 

XE X" 
where X" denotes the set of all Cl-fuzzy rough 
feasible actions for (P.) . 

4.Cbaraderization of An (a,~)-Salisfyinl 
Solution (or (PI)' 

Consider the mathematical 'progmm 

(P~ ): max «c')p ... (cz)px, .... (c·)p.\·) . 

xE Xl> 

where (c ' )~ =« C/}P(Cl' )P .. ~c,,·)p) and (c/)/I 

denotes the p.cut of thc fuzzy rough number c;. 
Oy the convexity assumption, 

(e,' )p,) = 1.2 •... ,II,i = 1,2 ..... k rue rough rcal 

interv"ls lhal will be denoted :lS lC;'(..t}. C;'(O)J 

~ ~~ ~ 

[(1- A)e;'~ + A <'I. ,(1- Ole'; I . +Oe;",, ].O S A.O S I 

Let now ~p( .. tO) be the set of all *)(11 rough 

real matrices C(A,O) = (e" (l,O» with. 
'0 I ,-it ,-is 

Ci/ II • )E 1I- II )clu-+ IICj I.' 

(I_o), i!/r +O,itn 105)05t J L J U . . . 

II is clenr Ihat (P~) may be written as : 

max (ex : x E X" . e E ;,(..t.0)) . 

(P.) is then 0 fomily of pair multiple objective 
linear programs. 

Definition 4.1 
X

O is rough efficient for (P~) if and only if there 

is no e(A,O) E ;,(~.B) •. \' '" X" : ex ~ exo with at 

least Slrict one inequality holds. In other words. 
X

O is rough efficient for (P~) if and only if XII is 

efficienl for 

max ex If e(A.8) E ;,('<.8). 
XE Xli 

Now we are going 10 give the foUowir.g result. 
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Theorem 4.1 
X

O is an (a..P)-salisfying solUlion for (p.) if and 

only if XO is an rough efficient solut ion for (P~) . 
Proof. 

Suppose that X
O is an (Cl,P) ·satisfying solution 

for UD then by definition, X
O is a -funy rough 

feasible and ~- fuzzy rough efficient for (p) . 

Assume: now that X
O is not efficient' for (Pt ) · 

Then there: is 

xl e X a . (c l .c2 , ... ,ck ) wirhei 
E (c i ) p; 

- ; I -i 0 . {I 2 ... CXO!::CX'r;/IE ...... JI.( 

io e {1 .2 ..... k} such that 

c ... x' > c'·xo 

As c' e (c' )/J ,i = 1,2, ... . k we h;avc: also 

(I) 

min (p. ,(e' ).1', I (e l 
) . ... . Ji- . (e'» ~ POll(/ 

f. " • < 

min (JI . ,«(" l .JL , (e 2 ), ... . p _ , (e
l » c: fJ 

'I ~ . '1 

(2) 

By (I ).(2) we have 

nnl! 

~.p I ' .It " "M M(p_ " ,-'J. P_ '('·~'. " .. P _ th'· U-.P_1 ("I,ll'-'~O. 
I< , . ' •• , lel,~ "" ' -,: 'I. " • 

.. . ,.'0 ~' ., I ~ . '0".,0 .• '0 .,' ) ,.'0 .,0 .• ,'0 ,1 .• 1 l;..'0 ",0 •.•. .:' ,I l ,) ,0) l /I. 

,.p t ' , II m'''IJI_ t ,.,I l l •• ,h ~ 1 ".1', t {.J II. p'/I\ •. I ~ ll "',0. 
h ' .... . .. ' 101 1'0 "f.' "f " 'II ' 

... ,.'0'\ I} .-'O·I~O .• 'OAI > /(1 ~O . "'o·1 ,I l..'o·180 .... ,J ,It ,.1 /l l} P 

where. 

This contradic ts the: p· rough effic iency of X
O for 

(PJ ) and the if part of the theorem is establi shed . 

To show the only if pari. suppose .To is efficient 
for (~ ) and not (o.,P) 's<ltisfying solution for 

(In . Then there is Xl e X"- ;S e {l,2, ... ,k } such 

lllill 

1" ., (e,) ~ P,I',., (e,,) ~ p 
where 

( L 1 ... ,U , ·1 l ... , -I 0 _.! • ° P, .. ex ,cx .... ,c x c.C .y .ex >c:x, 

C," lxl ~ C·"I XO , .... c- ' .r1 ~ c' xO) ~ P. f = L.r..: 

I.e. 

SUP ' " .' _ min(p,. (e' ) .... . P~. (e ' » ~ p. c, .. ... ~ )0. . , 

where. 

r. = (lc' ___ .(", .. ~ 1<" .. : ~ ,' .. • •••.• c·· '.1 1 2;C" ' .TO.C''': > c· .1° . 

(," ' ., : 2; , "'.ro _ ... ('1 .. : ~ .1.,01. ' = L.U 

By using the extension princi ple then, we have 

Sup min(J1 ., (c;, ).p.: (c:), . .. p _. (c;»;:: p. 
r, ~ '. ' 

and 
(3) 

Sup min(J1 ., (C~I ),J1-, (CI~ ), ... ,J-c, (etl » c: p. 
r, ~, " 

For lhi s sU!1rcmum to exist there is (p' , p! .... , p4) 

satisf),illg the following constr<'lints; 
,,'.1: Ol p'.1 ' . p: ., : l p:oA" . .. p·" .• : .Ol p"'.10. P' X! > p·x". 

"'.1: ~ ,," '.1° ... . p· x! l p·xO. 

(4) 

Suppose [lOW that for all (p I ,p ! , ... . p i ) s;alisfying 

the sys\em- (4). we have mill 

(p .. (,,'), )/ .• (pl ) ..... JI .• (p' » < p, and 
'" '. c, 

mm 
(p., (p'),!L . (p') .... ,p .• (p'» < P. lhen, 

~ " ~ 

Sup min 
( II:: (p ' I.p.-" (p i ) ..... #:. ~ (p"'). Pi; (p' "P" :' (p '" ) ..... 1';: (p' I) < p. 

Sup min 
(II:.' (p' ). 1';.' (pI) . . . JI;;_.l p"'). P;; (p ' ). j';: ,, ( p'" ) .. ... 1'". Ip' II < p. 

Contradicting. (3) . There is then (p '. p!. ". pi) 

sati s fyitl~ (4 ) such that 

min (JI " ( P' } ..... JI .• (pI-:» ~ p . 
• I " 

min (1'.., (I" ), ... ,1' ., ( 1" )) ~ p. '. '. 
(5) 

By (5 ). II", (1") ~ P'! = 1.2 •... ,k 

i.c. p ' e (,.' ),/I'.i = 1.2 ..... 4: 

(6) 
(4) (Iud (6) contradict tile efficiency o f X

O for (p~) 
and we have done. 

S. A Solulion for (p~) 

The fo llowing notations will facilitate further 
discussions. 

M p( A,B) denotes the subset of ;p(), .8) 

composed by matrices C(),.{) havin~ elements of 

each column :\1 the upper bound or 'at the lower 
bound . 

i.e . if C()', B) e M p (A, 8) then either 
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e"(A) , 

C;(A)-
c"{.!.) , 

or C~(Q)-

ci(A) 

wllcre e;(A)lII\d c;'(9) are 1M: len and the .id>! 

end poim of (C;(.!..O)), ICsp«livdy. 

Lemma 5.1 
A necessary ItId sufficient condilion for x' 

10 be efficicnl for the muhiple abjecliy<; pI"Oir:1I1t 

m.3ll CX ,J;fX 

Is IIUI II~re is A", 0 sueh thai x' $Olvo lhe 
lII:uhCIII;llicall~1 n~~ lC x , .{ EX. 

A f.ucm;l.ling poinI is Ih:l! Ihe foUowll1!> prosr.r.m 
yields :III (a, p)·grl$fYllli 5Olution for (P,) : 

(',) : ....... ~ ,'.:r .x"X· 
....t.m ,,"i,;I. 501uuon oflhe l)'$Icn' 

V'C(l.O)- q .. 0 Visoch tll3l 

C' (l.OJ Ii: M ,(A,OJ, 

rropoll tion S. I 

p, 

If ;,' is optim:ll for ('.) lh<"n x' il emcienl for 

(P,) . 

""'" As q'is :I $Olulion of (7). v; soch IIUI 

C'(A,O)eM,t.!..O). theIC is Y' .. R·,Y'>O 

SUChlhAI V·CtA,O)_q". 

ie. '<I; such tlt:ll C(A,O)& M,(A,OJ, x' $Olves 

1113.\ ( Y'C' (A.O) .... : :I Ii: X· J. 
Dy lemmn 5.1.. ~' is effieienl for max 
(C' (l. 0).1 : x " X' ) '<IC (l. 0) & ',(A,O) . 

i.c .. ,' ilefficienl for (.1',1 ::IS de1ired. 

Coroltuy S.I 
If .,'" ('ptin'31 for (P.)IIKII xii, 3n (a.p) · 

IllilfyinS for (P,) . 
Thi~ StllcmcnL follows directly from Proposition 
U . and theorem 4 I. 

6. It N"lQcrin l Eumplc 
In this ,"lion _ ~ SOLns to Si~ • 

n",merionl example. 
Consider tile followina n.",lIiplc OOjcctivc 

lincO!" fllUY rou&h ptOVoIni 

(P,)mu (l'x.(i x ) 

such II\;;I 
x, ' .1, ;t lstl, 

x, S 200, 

2:1, $200, 

2 .• , + 1.5:1, $ ~ 80. 

).:r, + .... , S 900;"' ..... , ;t 0 

'mm: c' _(en,e,,).l' _(l" .".,) and 
c. _ Cl'., .l .. ) ~ fllU)' rough numberJ 

~lI3rx~nttd by Ihe mtmberlhip funccions t.lIO'''I1 
in Fi,urc (I;HI). 
'fhi, problcm C:U1 be ton~ InlO the foliowinl 
I\\"O fUllY problems. The: rirJtl"oblcm i,. 

(P ... ) m3.~ (/\ 'x ... / x) 

-'''''' ~', ' .f I ;t HO . 
"', $ 200, 
2.1, S 200. 
2x, + Ux, ~ 480, 

1.1", + 4 ... , :s: 900:"',.1, ;t O. 

\Yhc~, e: _(C'" .l,,, l.l, , _ (t,~ .Cu , ) and Co, 
a~ fuuy numbers th • ..-teriu<! by 1M 
,nembership funclions silo",,, in Fill~re (2~odl· 

The ,"ond problem ii, 

(Po,) : ma~ « ,,'X.e..'l) 

sllth th:ll 
... , + x, ;t 250. 

x, $ 200. 
2.1', ~ 200. 

2.1, + I 'x, $ 410, 

J .• , + 4x I ~ 900; .• " ... , ;t O. 

where. e,, ' .. (e, ~ .e.1, ) ,C • .' _(c,\ .Z..,, ) and r" 
ue fuuy numben clwloc.lCriu<! by the 
mcmbcnhip functions sho_ in Fi&W1: (3lod). 

In ( .1', ). leI P w 0 Ihe11 _ obuin 
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(c,,)p = [0(1- A) + U,2(1- 0) + 30J = [,1,0 + 2], 

(e,,)p =[O(I-,l) + 1,1,1(1- 0) + 20J = [,1,0+ IJ, 
As well as the system 

(2 1)(1';:) = (4.4) 
o I V, 2.9 

(cu ),6 = [-3(1 -..t) + lA,I(1- 0) ... 20} = [4A - 3, 0 + I]. has positive solutions given by 

(e,,), = [-2(1 -,l) + 0,1,0(1- 8) + 20) = [U - 2,20J, 

and OSA,OSI 
By puuing A = I • (J = 0 then we gel 

(e,,), = [I,2],(e,,), = {I) = (en) ,,(e,,) p = {OJ. 

The subset M,6 of ¢p is composed of the matrices 

[~ :H~ :) 
, (4.4) For q = the system 

2.9 

(I I)(V,:) = (4.4) 
o I V, 2.9 

I 

p 

o 'e II, 

Fig I-a 

(1',:) =(1.5) , (V.:) =(0.75). 
V, 2.9 V, 2.9 

respectively. 
As constraints arc crisp. the set X of points of R! 
satisfying (Pb ) is nothing but the set of I-fuzzy 
rOllgh actions. By the coroll~ry, the program max 
(qO x I x E )(0) yields a (I.O)-satisfying solution 
for (P,). 

Solving this linear progra:m, we obtain the 
solution (X;,X,) =(150,100). 

C. 1 
II, c,~ , J R 
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o c;. -. 2 R 

Fig I-b 

I 

-, , R 

f ig 1·( 
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Pi'" 

p -- . 

-3 C' n.· 
o C~, ._, e-

li, R 2 

Fig 1-<1 
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1 2 R 
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o I 2 3 R 

• , R 

1 

-1 o 1 R 

Fig J-e 
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