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ABSTRACT

For a finite dimentional Riemannian manifold. the
curvature tensor has a number of interesting
algebraic properties. In this paper. our aim is to
generaij ze the concept of curvature tensor and study
its properties for an infinite dimensional manifold
modelled on a Banach space. Also, a generallization
of the Ricci’s identity ([2]) to the case of a Banach

manifold is established.

INTRODUCITON

Let M be a Banach manifold of class C' (r 2 2. «)

modelled on a Banach space E ({1}), and let E be the linear
connection of class ™% on M. For any x of M and any
arbitrary chart C=(U,p.E) at x, let p=¢ (x) € ¢ (U) and
Ei ¢ Ty M (tangent space of M at x ([1])), i= TT{E

Let o and A be two tensors of rank (0.n) and (l,n)

resp. on M, We define I'' o, A and h;. 1= 1, n+¥l to be the

modeis of I', «. A and h;, resp.. with respect to the chart

C. In ([1]) the covariant differentiation of o« and A is

given locally as follows.

109



El. R. Lashin .
v a, (hyys hyeoooy hy) =D o (hyyys hy,onny hy) -

n
_Eap (hy,.oey By, T (s hag)s Bigoeess ). (100

i=1
vA, (hyys hyoeoos hy) =D A (hyys hy,..n, hy)-

n
_ Z A, (hy,..., hy_y, P(hjs Boyy)s Biegseees b)) #
Ci=t )
G T T O s T O (1.2)
where D is the Frechet derivative (see([1])).
Also, in ({1]) the curvature tensor ﬁx and the torsion

tensor 5; on M are simply given locally in the chart C asg

follows:
Rp (hy; hy, hy) =D Ty (hy: hy, hy) =D I, (hys hy, hy) +

+ [T, (hy,hy) hy) =T, (Tp(hy,hy) ) s (1.3)

—

Sp (hy, ) = 5 (T, (hy, hy) = Ty (hy, hy)) ... (1.4)

2.Ricei’s identity:

Let A and o be two. tensors of “type (l,n) and (0.n),

respectively, on a Banach manifold M of class C' (r =2, ®

with a linear connection I' of class C*%. Then V x € M and

‘hi € TX M. i_—' =I_. n“":’.

v )y (En ‘h :h ...,Hn)~§ v x (En ‘h ,ZZE coeoh )=

<3|

+27  ne1 T +1  n+ 1 n
byl
= E ag by, h.;. R (hy. by hwi Myggeeees hy) +
izl _
29 ag (Sy (., h )i hp.o... N PP (2.1



é]ggbfaic_ffquftiqf of ....
(V A)x (th'Z;hn'fl;hl,'." ; -

o

n

v
v (v Ay (hnu’r5+z’hx""’

=

n

= z Ax (yeoos b Ry Do, B )y hygseees By

+Ry £A§ (h_i_"';’h“)__;hn+1r_{1n+z) +_
+ 2v éx (SX_Ehn+2’hn+1);hl,...,hn), ................... (2.2)
where R and S are the curvature and torsion tonsors on M,

respectively.

Proof:

To prove  (2.1), (2.2), it sufficies to prove thenm
locally with respect to an arhitrary chart on M. Let C =
(U, @, E) be a chart at the point x e M and R, S, T, «, A,

h;; i= 1, n+2 are the models of R, S, TI. «, A, h;,

respectively, with respect to the chart C. p = o (x).
Covariant differentiation of v o, which is defined in (1.1)

yields

V(va)p (Myyqihyygshye .o hy) =
= D(va)p(hn-fz; hrﬁ-l; hl-""’hn) -
- qu (Fp (}’11.‘_1, h.n,,_z); hl""-' hn) -

n
= Y v, (hugi By,eeey by, I, (. Bep). by, hy)=

i=t

2

= D Cxp (hﬂ‘FZ; hn+12 hl"" hn) -
n

- Y Da, (h,,: ! hiy» I (hy. hpyy). b h,)-
Y (Xp ln_,,z. 12 ----- i~1 o \11 n+l S I ‘11’!
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&p (hl""’ hi-l, D Fp (hn+2; hi’ hn+1), hi+1""’hn)—

I O~ 3

- V (xp (Fp (hn+19 l’ln.‘.z); hl-.., hn) -

n
- E D ap (Bnes Byseves hygs T (B, Breg)s Bysg, .o )+

i=1

n n
+ E 2 GRS I U T IN00 PRI PP S TS W BN I
i=1j=1
J#i
n

+ Z & (Bys e Tp(T (i Bueg) s Boet) oBiegs o obg) o (2.3)

i=t
lv alternating both sides of formula (2.3) with respect to

h,; and h.,, and denoting this operation by underling then,

we obtain

2 V(V (1)p (EIT\+2 ) hTH’l: hl_...., hn) =

13
_E TRCTIS hioge D T (hgeyihyBng) =
i=1

+9 (Zp (Tp (l—ln+z, hﬂ*l) - [‘p(k)T\+1 I kl[]+2) ; hl . ony hn) PRI (2-4)

By using {1.3) and (1.4): the identity (2.4 takes the form:

29(v ), (et by bpeooy hy) o=
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n

= zap (hyse s Dicgs R (3 hnegoliey) s Biepseees By o
i=1
+ 29 a (Sp (bezs hpey) s hyeens by
i.e. (2.1) holds.
Similarly, the covariant differentiation of vA with

respect to h,,,, which is defined in (1.2), yields
v{v A)p(hn,,z;hnﬂ;hl,...,hn) =D (vA), (hpapshpeshy, o on ) -

=9 Ay (T, (hgups byeg)s Byeees ) =

n .
’ZV Ap (Rags hyyeees by, T (hyy Bggds Bywys ey hy) +

i=1

(@ Ay(Byyys Byseees By)s hpp) =

+ I‘p
2
= D" A, (hyups hpeyy hyevos hy) =
n .
-z D Ay (hsi Byseev biogs T (iw Boa)s Biageeesy ho) =
i=1

n V ’ )
".z Ap (hl""" hi-l’ D Fp(hn+2; hiy h-n-(-[)s hiﬁ-ly'--y hn) +
i=t ' ‘

+ D Fp (hn+2-: Ap (hl-‘"'! hn)’ h-n.g.l) +

HT (DA, (i By shy ) =9 (s Bny) By hy) =

D Ap (hn*‘l: hl“"' hi—!‘ Fp(hi’ hn_(.z). hi*i""’ hﬂ) +

i
|| S ]

—
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n n
I LG TRERR WC TR SO TRR (N CY WESPRRN PR W
i=1j=1
J#£i

LD SCITRRRR I (NG CF WS T O I IO S

i=1

n
_Erp(Ap (hys.ooy i T (0 Do), eohy)s Boyy) +

i=1

n
T (DA (e 3By B) = 5 Ap (BB T (g By g+
i=1

(A (e h) b)) (2.5)

Similary, alternating both sides of (2.5) with respect
to hy4, and hnﬂ‘and using (1.3), (1.4) we have

o

7(9 A), (hpyps hpyi By.o.. hy) =

Ay (hy,vevs by By (hythyeg hoegds hyygeeeon ) 4

i}
[T ey B

+2 7 A, (Sp(hpypobyey) s hyyonny by +

+
[gS]

2 D FD (et Ap (hl—""'hn)9 hpd +
+ = I‘p (AP (hy,.oouhy) e b)), hoes) .

o, 2% (98), (Mpept fpegobyen. h) =

e
4
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il

n
YA (s By RO By Bye) s B By
i=1

29 & (S (hyuzs hyyy); Byewoy B #
R (A (hpse.. hy)shyy, hyo),

+

-+

Hence (2.2) holds and this completes the proof.m

Remark.

If the comnection T is symnetric, then the torsion
tensor is zero and therefore the terms which contain S in
(2.1) and (2.2) vanish. ‘

Now, let M be a Riemannian manifeld, then there is defined
on M a tensor field E of type (0,2) which is symmetric and

postive definite. We shall assume always that g is of class

c”.

Theorem 2.1
For any four tangent vectors hy, hy . hy , hy € Tx M
on a Riemannian manifold M, we have

gx(h4,RX(h3; hl’ hz)) + gx (h3 ; RX( hl‘; hl' hz)) =0 (2.6)
8 (b R (s By. 1)) =&, (. R ( By by ), 2.7

Where R_ and g, are the curvature tensor and the netric
A -
tensor ([2]) on M, respectively.

Proof.

Since M is a Riemannian manifold, then the fundamental
meteric tensor ; is covariant constant ({2]). that is

e =0, e (2.8)
Ag the metric ¢ is covariant tensor of type (0,2), then from

Loy

(2.1) we have
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v (vg)y (hy : hy. h, hy) -9 (v gy (hy : hys by . hy) =
=g, SH“ , ﬁg( hy; hy. b)) + g, (hy, R (hy; h,, hy)) +

+29 g (S, (h;s hp)i by hy) (2.9)

Substituting from (2.8) in (2.9) we obtain

8, (, , R (hy; by, hy) +g  (hy, R (hy; by, h)) =0,
and this proves (2.6).

By using

R ( hy; hy By) = = R ( hy; hy hy),

R ( hy; hy. by) + R ( Byt By hy) # R (hy: by, hy) =0

and (2.6) we'can verify that:
g, (R (hyshy.hy). h)+g (R (hy; hyhy). by )+

tg (R(hyh,hy) . h) =0 ... (2.10)
Consequently, we have that

g ( RChys by By) L By + g Ry By By by

+g, (R(hyi by By L h) =00 2.11)

gX (I—QX(E}; Ez. Bz‘) ) El) + gx(ﬁx(ﬁﬁ Hz» E3) 34) +

+ EX (ix( hy: b, hy) L by) =0 .. (2.12)
and '

g, (B (hyi by b)) . hy) + & (R (hs by hy, hy) +

+ 8X (RX( h,: h,, hy) . hy) = 0. ‘ 2.13)

From (2.10) . (2.11) , (2.12) and (2.13) we have
2 g ( bs. Rx(h4; hy . hy) =2 8, ( h2 . Rx (hy: hy, hp).

i.e.(2.7) is true and thus the proof of the theroem is

116



Algebraic Properties of .... .
complete. :

Proposition 2.2.

Let M be Banach manifold of class cr (r > 3, o) such

that [ 2
there exist two linear connections F, F on M. Then v x ¢ M

and VHI,E2,53€TXM

2 1 1
Rx(h3; hl’ hz) = RX ( hg; hl’ hz) + Vv TX ( hz; h3, hl) -

1
—VIx( hy; hi.hy) + Tx(Tx(hs, hy).hp) = Tx( Tx(b3, hy), hy) +

1

+ 2 Tx (hys Sg (B1e Bp))y  eevneeinneeneeeenaennaanns (2.14)
1 2
where Rx’Rx are the curvature tensors of the linear

1
connections T
2
and [' , respectively, T =
: 1
deformations, ¥ is the covariant differentiation with
L 1 L
respect to [, and S is the torsion tensor of T

1

2 _
I' — - 1is the tensor of

Proof:

1t sufficies to prove (2.14) locally with respect to

12 11
an arbitrary chart C= (U, p, E) at x ¢ M. Let R, R, T, S. I,
2 L 2
R

1 2
[ and h;. i= [. 3 be the models of R, R, T, S, I'. ' and Ei.
respectively. with respect to the chart C, and let

p = o(x) e p(l)
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We denote the alternation of any two vectors by underling

them.
From the definition of the curvature tensor, we have

2 2 2 2
Rp (hy; hy, hy) =2 D Iy (Ez; h;, El) + zrp(r‘p(h3! El)a h,) .

2 1
Then substituting T,= T, + T, in the above formula, we

obtain

-1
(hy: by, hy) = R, (hy; by, hy) + 2 DI, (hy; hy, hy) +

0 IR %%

P

| | 1
+ 2T, (T,(hy, By, hy) + 2T, (T(hy, hy), hy) +

1
+ 2 FP (Tp(h3g hl)q hz)- ----------------- (2.15)

1
Adding and subtracting the term 2 T(hy, I',(h;. h;)) to the

right hand side of (2.15). and taking into account that T is
, 1 1
a tensor of type (1, 2) on M and S (hy, hy) = T,(h, hy) we

obtain

1 1
, (hy: by, hy) = R, (hy: hy, hz)‘+ 2 v Tp (EZ; hs. El) +

\,

3t

-

i
+ 2T, (T,(hs. hy). hy) + 2T, (hy, S (hy, hy)).

and this proves (2.14).

Theorem 2.3: (Bianchi's identity)
If R be the curvature tensor of the linear connection

1

F on a Banach manifold M of class cr (r 2 4. ®). Then for
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any x € M and v h; € Ty M, i= 1,4, we have:

e_RX (51.34:52 .53) + ﬁx(ﬁz;ga ;53.51)"";}—“{){ (E:&’Rﬁ ;El ,Ez)=0

Proof':

It sufficies to prove the identity 1locally with
respect to an arbitrary chart C = (U, ¢, E) at arbitrary
point x e M.

For this let p=9 (x) € ¢ (U) and R, T, h;;i= 1, 4 be the
models of ﬁ, F, Hi with respect to the chart C .
' Covariant differentiation of R at the point p which is

defined in (1.3) gives us

VR, (hyshyihy,hy) =D Ry(hyshyshy,hy) = Rp(Tp(hy,hy)shy, hy) -
~ R, (hy; hy, Tp(hy, hy)) = By (hy; Ty (hy, h3), hy) +

+ Fp (Rp(h,‘;hl, hz); h3) =
= 2D° 1, (hyihy; by, h) + 2 DT, (T, (B, By, hy) +
+27T, OT, (hy:hy hy), hy) = Ry (0 (b, hy)shy, hy) =

2 R, (hy; hy, Iy (hy, hy) )+, (Ry(hgshy. h,) . hy)
.......... (2.17)
Bv a similar way we obtain

=2 1, (hyihys by, hg) + 2 DT, (hysly (b hy)y hy) +

<1

+2 T, (DT, (yhy hy), hy) = By (T (hyy By)ihy, By) =

i
)

R, (hy: hy, [, (B, hy) +Ty Ry(hgihy. hy) . hy)
L, (2.18)

and
v R, (hy; hyi hy, by) o=
= 2D° [, (hyihy: hy, hy) + 2 D0, (bl (hy, ho)y hy) o+
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+ 27T, (DT, (hih,, by, hy) — R, (T, (b, hy)shy, hy) -

-2 Rp (hys hy, Fp (hy, h;)) +Fp (Rp(h4§hz’ h3), hy)
....................... (2.19)

Substituting from (2.17), (2.18) and (2.19) in (2.16) we

obtain

v R, (hy; hyt hy, hy) + 9 R, (hys hys hy, hy) +
=20, (DI, (hyshy, by, hy) + 2 T, (D Ip(hyshy; hy), hy) +

+ 2T, (D T, (hyshy, hy), hy) + 2 T(T, (T, (hy. hy), hy), hy) +

+ 2T, (T, (Ty(hys hy), hy), By) +20,(I, (T, (b h). hy).h) +

+ T, (Ry(hgihy, hy), hy) + T, (Ry(hyshy, hy), hy) +

+ T, (R (hhy, hy), hy) =

=T, (2 DT, (hyshy hyd+ 2 T, (D,(hy, hy). hy). hy) +

+T, 2 DT, (hyh,, h)+ 2T, (Iy(h,, h), hy), hy) +

+T, @ DT, (hyhs, hp)+ 2 T, (Ty(he, hy). hy), hy) +

+ I (Rp(h4;111,—h2), 1;3)"‘ o (Rp(ha?h3-"~hz)—' —hz) +

+ Iy (Ry(hythy, hyd), hp)eeeen 0 (2.20)
Using the linearity of the connection I, and the

definition of R, and taking into account that R, is skew-

symmetric with respect to the second and the third

arguments,

then (2.20) becomes

v R, (hy: hys by, hy) + 9 Ry (hy; hys hy, hy) +

+¢ R, (hy: hys by,

1]

+

+

h3) =
I‘p {Rp(hg-hlv h}) + Rp(h,i;hgs
Iy (Ry(hyihy. hy) + Ro(hyth,.

Iy ("Rp(h& e hyd

hy).
hy). by

+ Rylhyithy. hy) . by

and this conpletes the proof. m
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