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ABSTRACT

The major aim of this work is to introduce a new method for data reduction in information systems
classified by nonequivalence relations. The suggested approach is useful for many real life data
that can not be classified into disjoint classes. The new approach is tested with examples and its
ability for decreasing the noisy in data, as well as simplifying the structure for extracting decision
rules. Based on binary relation, this method is capable of discovering the reduct attributes or
indispensable attributes which are useful for data description and/or prediction, and to remove the
dispensable ones.
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1. INTRODUCTION

Rough set theory is a mathematical approach for
handling vagueness and uncertainty in data analysis.
It was first introduced by Zidilaw Pawlak in the 1982
[7]. The idea of the rough set proves to be very useful
in practice where many real life applications have
been implemented such as civil engineering [1},
medical data analysis [9), synthesis of switching
circuit [S] among other. Many rough sets models
have been developed in the rough set community in
the last decades [3,7,10,11,12,13,14] including
ziarako's Variable Precision Rongh Set Model
(VPRS) [14] and HU's Generalized Rough Sets
Model (GRS) [3] , to name a few. These rough sets
models focused on the extension of the original
model proposed by Pawlak [7,8] and attempted io
deal with its limitations such as handling statistical
distribution.or noisy data.

In this paper, we overcome the problem of
information systems which camnot classified using
equivalence relation,

The rest of the paper is organized as follows: We
give an overview of the classical rough set theory
based on the model proposed by Pawlak [7,8] with
some example in section 2Zand 3. In section 4, we
redefine the main concepts and methods of rough set
theory based on binary information data, and
illustrate these concepts with examples. With the new
definition, we propose a new method to compute the

core and reduct. Finally, we conclude with some
discussions and fiture works in section 5.

2. PRELIMINARIES

In rough sets theory the data collected in a table
called decision table. Rows of decision table
correspond to objects, and columns correspond to
attributes. In the data set , it is assumed that we are
given a set of examples with a class label to indicate
the class to which each example belongs. We call the
class label the decision attribute, the rest of attributes,
the condition atfributes. Rough set theory defines
three regions based on the equivalence classes
induced by the atiributes values ; lower
approximation , upper approximation and boundary
region. Further more rough sets theory classifies all
the attributes into three categories ; core atfributes,
reduct attributes and dispensable attributes.

We give the formal definition as below:

Definition 2.1

Let I=(U, A ) be an information system, where U
is a non-empty set of finite objects (the universe of
discourse); A is a non-empty finite set of attributes
such that a: U —»¥, vagA,V, being the value set of
attribute a. in a decision system, A = { CUD } where
C is the set of conditional attributes and D) is the set
of decision attributes. With any B A there is an
associated equivalence relation INDY{B) :
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EVD(B)——-{(x,y)fU xUI"afB,a(x)za(y)}

Definition 2.2

Let U be a universe and XS U , [x], denotes the
equivalence classes of the B-indiscernibility relation

then the B- lower approximation Bx under
Bcd is defined as:

BY =U{x eU||x ]ng}

Definition 2.3
Let U be a universe and XSU the B- upper
BX

approximation =" under 5 c4 is defined as :

BY =U{x eU [x ]BﬂX mj}

Definition 2.4

Let B and Q be equivalence relations over U then the
positive , negative and boundary reign can be defined
as:

POSBQ)= U BX)
xel/1Q

NEGB@)=U- | BX
xel /Q

BNDBQ)= | Bx- | BX
xdJlg  xdJ/Q

In terms of classification, the positive region contains
all objects of U that can be classified to classes of
U/Q using knowledge in attributes B.

Definition 2.5

For P,QSA, Q depend on P in a degree
K@O<K <), denotedP=:Q

K =y p(0)=52% LOSPD

IfK=1, Q depend totally on P,

ir 0<K <1 , Q depend partially on P.
If K=0, Q does not depend on P.
To illusirate this definition we give the following
example;
Example 2.1
Let U ={0,1,2,3,4,5,6,7}

220

U/P -_'—{{2},{0:4}5{3}3{19637}:{5}}
U 10 ={{03,{1,3,61(2.45,T)
POSp (Q) = {2335 5}

Oy 235
k=7 O=51234587

=3
8

Definition 2.6

By calculating the change in dependency when an
attribute is removed from the set of considered
conditional attributes, a measure of significance of
attribute (coefficient of significance) more formally,

IfP,Q <A and an attribute x € P the significance of
attribute x upon Q is defined by

8,0:9)=7,@-¥, @

If the significance is zero then the attribute is

dispensable , the higher 0 the more sigpificance
attribute,

To identify the above definition:

Lot U={01234567)
Ula={{034,0,7,256) U/b={{024,{367,{5}
Ule={{04,1,6 {235} Ule={{0,136,12457}

P={ab,c} QO={e}

U 1P ={{0,4},{1,7}.12},{3}.5}. {6}}

UJQ ={{0},{1,3,6},{2,4,5,7}}

U 1P —{a} ={{2},{0,4},{3},{L,6,7),{5}}

U 1P~} ={{0,4,{7},{3}{2,{6},{5}}

U 1P ~{e}={{0,4,{2},35,{1,7}.{6},{5}}

Pos, (@)={2,3,5,6} Pos,_,@)={2.3,3}
Pos,_, @)={23,5,6} Pos,_,({0)={2,3,5,6}

7,@)=% 0 @=3

Yoy @) =% 0@ =g‘

by calculating the signifeance of the three aftributes gives:
8.C.=Y,@7, @~

B0 =7,@)-F, ,@=0

8.2~y @7, ,@=0

Reduct and core

Some attributes of the information system may be
redundant with respect to a specific classification.
Attributes are removed so that the reduced set
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provides the same quality of classification as the
original. In the context of decision systems , a reduct
is formally defined as

Definitio 2.7

A subset C’ of the attribute set C is 2 reduct of C
with respect to D, if and only if the following
conditions are satisfied:-

- POS .#=POS @
2-VRC'= POS (D)= POS D)

The intersection of all reduct sets is called the core |
the elements of which are those attributes that cannot
be eliminated without introducing contradiction to
the data set .

In other words , core attributes have the essential
information to make correct classification for the data
set. A core is formally defined as:-

Definition 2.8

An attribute GeC is a core attribute in C with
respect to D if

POS :2#POS ¢.o®

Now we can define the dispensable atiributes which
are those redundant attributes in the data set and
should be eliminated ,a dispensable attribute is
formally defined as

Definition 2.9
An atiribute G eC is a dispensable atiribute in C
with respect to D if

POS :2=POS ¢.o®

3. ANEW PROYOSED ROUGH SETS MODEL

There exist some limitations of rough sets theory
which  resirict its  suitability in  practice
[3,4,10,11,12,13,14)], two of which are described as
follows:

{1} Rough scts theory uses the strict set inclusion
definition to define the lower approximation,
which does not consider the statistical
distribution noise of the data in the equivalence
class. This drawback of the original rough set
model has limited its applications in domains
where tends to be noisy or dirty. So, some new
models have been proposed to overcome this
problem such as Ziarko's Variable Precision
Rough Set Model (VPRS) [14],

(2) Another drawback of rough sets theory is the
inefficiency in computation, which limits - its
suitability for large data sets in real-world
applications. In order to find the reducts, core and
dispensable attributes, the rough sets model need
to construct all the equivalence classes based on

the atiribute values of the condition and decision
attributes. This process is very time-consuming,
and thus the model is very inefficient and
infeasible, and does not scale for large data set,
which is very common in data mining
applications [3,4]. Some new algorithms to
overcoming this inefficiency have been

developed [2,6].

Our research deal with the limitation of intersected
classes and iniroduce a new approach to find the core
and reducts based on binary data. To fit with the new
approach we need some new definitions. It can be
considered as a modifications for the existing
definition to obtain our new approach.

Right image of an element

Let U be a universe , R a binary relation over U and
% €U then the Right image of an element defined as;
xR ={y :xRy}

Right sub base of R

Let U be a universe , R a binary relation over U and
x € U then the Right sub base of R defined as:

S={xR X GU}

Right base

Let U be a universe , R a binary relation over U and n
be the number of elements of S the right base (B) is
the finite intersection of the elements of S, formally
defined as:

2={fia fulfye Ju.......)a.}
B ={ﬁBi :B,eS,i €{l,.2,unnnne. ..n}}

i=l
Right minimal base
Let U be a universe , R a binary relation over U and
B the right base . then the right minimal base (B )

is the B difference the family of unions of members
of element in B formally defined as:

B, =B- {FeBF=UB,,B, € B}

Indicernibiiity relation

Let U be a universe , R a binary relation over U and
B CR then IND(B) defined as follow:

1-find Bes VK B
2- define § = Ume
ReB

3- find Sbase
4-ﬁnd Sminbase a IND(B)
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In order to show that we give the following
example,

Bm ={{a,b,c},{d,e.f }.{b,c},{d,E}, {e}, {d}}

X ={a,b,d)

B(X)={d}

BBWX)) ={d}

U~-BX)={ab,c.ef}

U -BX))={a,b,c}

B(BX)={d.e.f}
Approximation of sets Via the new approach
Let G=(U,R) be binary relation system, BC R and
XcU . we can approximate X using only the
information contained in B by constructing the B-

Lower and B-Upper approximation defined as
following:

(i) B-Lower approximation of X
Let U be a universe , R a binary relation system
over U,BC R, B, the right minimal base of B,

X < B the lower approximation of X is defined
as;

BX =U{b :bcX,beB}
(ii) B-Upper approximation of X
Let U be a universe , K a binary relation system
over U, BC R, B, the right minimal base of B,
X < Bm the upper approximation defined as:
Bx ={U-(U-X)}
To show that
LetU={a,b,c,d,e.f }
Brn = {{asbsc}s {d.e.f},{b,c},{d e}, {e}, {d}}
X ={a,b,d}
BX ={d}
U~X={cef}
U-X={c}
BX = {a,b,d,e, }
It is easy to see the lower approximation is the same
as those in the originalrough sets {7,8], but the upper

approximation is different from them. We can
conclude the following remark.

Remark

It is easy to see the difference between the suggested
approach and the old one via the following example.
Consider Y={b,c,d} following the above
definitions the following results can be given:

BY={b,c,d}
U-Y={a,d,e,f}
U-Y ={d,e, [}
BY = {a,b,c}

Notice that BY # BY and this illustrate the

difference between the two approaches. In the old
approach they have to be equal.

Properties of the new approximation :-

Directly from the definitions of approximations we
can get the following properties of the R- Lower and
R- Upper approximations:-

(L) RU)=U (4L) REXNY)IREONR(Y)
) RU)=U (4U) REUY) =RX)IURE)
(L) R =¢ (5L) RRX N=RX
@QU) R@)=¢ (SU) RRXN=RX)
(B3L) RK) <X (6L) R(-X)=—R(X)
(BU) Xc R (6 R(=X)=-R(X)

(L)X Y =>REYSR(Y) (8U) R(REO))=RX)
(U)X Y =»RE) cR(Y) (9L) VK e UR, REK)"K
(8L) R(-RED=RX) (9U) VK e U/R, R(K)=K
Propositionl

The following properties don't hold generally.

(L) RRE)=RRX))
(1) RRE)~RRX)
This can be verified via the following example;
Example 3.2
Let U={a,b,c,d,e,f}
Bm ={{a,b,e},{d.e.f }.{b,c},{d,E}, {c}.{d)})
X ={ab,d}
B(Xx)={d}
BBX)={d}
U-~BX)={ab.c.e.f}
U -B(X ) ={ab.c}
BB N={d.e.f}
For the same example we note that
BX)={a,b,d,e.f}
E(B_(X )= {d!e’f}
B~B(X)={}
B(B-BX))={c}
BBX))={a.b,d,e.f}
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Degree of depenrdency of knowledge
Let G = ( U , R ) binary relation system
BB, cRwe say the Inowledge
B, depends in a degree E (0<E <1) from
knowledge B mp» Symbolically B, =, B ,if
and only if
5= B.)= Card POSBM (B mQ)
iB p N mQ
Lo Card U
e IfE=1= B, is totally depends from B,
o If 0<E<I1= B,, is partially depends from
B mP
s IfE=0B _, in not totally depends fiom B,
The following exarmple show the above concept

Let  U-={ab,c.def}
B, ={{ab.d.e}.{b.c.e}.fbes }
B, ={{ab.e,d.f}.{b.c}.{d.e.f.b}}

One can get the degree of dependency as follows,

POSB,,,,, (BmQ) = {a,b,d,ej}

Card POS, (B.o) 5
Cad U 6

Pata Reduction in Binary Data

This section is devoted to introduce the new
approach for data reduction in binary data. The
suggested new method is based on non-equivalence
relation. So many definition will be given according
to that as following.

= E=2, (B,g)=

Reduct and Core
Let G =( U, R ) binary information systens, a subset
C' of the attribute set C is a reduct of C with respect
to D, if and only if the following conditions are
satisfied:-

I"POSC,;,(D"')=POS cm(D’")
¥R cC'= POS . @)= POS . @)

The intersection of all reduct sets is called the core ,
the elements of which are those attributes that cannot
be eliminated without introducing contradiction to
the data set.

In other words , core atiributes have the essential
information to make correct classification for the data
set.

Bm ={{a,b,c},{a’,e,f},{b,c},{d,E},{c},{d}}
X ={a,b,d}

BX)={d}

BB )=}

U-BX)=fab,c.ef}

U-BX )={ab,c}

BB )={d.e.f}
For the same example we note that

BX)={ab,d.e.f}
B(B(X))={d.e.f}
B-BX)={}
B(B-B(X)={c}
BB&)={ab,d.e.f}

Degree of dependency of knowledge

Let G = ( U , R ) binary relation system
B p:B,, CRwe say the  knowledge
B, ,depends in a degree E (0<E <1) from
knowledge B, symbolically B,, = B, ,if
and only if
Card POSqy_ (B )

Card U
s IfE=1=> B,, istotally depends from 2 ,

E=12, (B,y)=

» If 0<E<1 = B, is partially depends from
B,»

e IfE=0 g, in not totally depends from 3,

The following example show the above concept

Let U ={a,b,c,d,e.f}

B . =={{a,b,d,e},{b,c,e},{b,e,f}}

B.o ={{a,b,e,dJ},{b,c},{d,eJ,b}}

One can get the degree of dependency as follows,
POS;  (B,,)={ab.d.e.f}
Card POS; (B,,) 5
= E = B = L : = —
Aore Bro) Card U 6
Data Reduction in Binary Data

This section is devoted to introduce the new
approach for data reduction in binary data. The
suggested new method is based on non-equivalence
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relation, So many definition will be given according
to that as following.

Reduct and Core

'Let G =( U, R ) binary information system, a subset

C' of the attribute set C is a reduct of C with respect
to D, if and only if the following conditions are
satisfied:-

- POS . @)= POS c.(D.)
2-YR =C' =>POSRM(D,“) ;tPOSCm(Dm)

The intersection of all reduct sefs is called the core ,
the elements of which are those attributes that cannot
be eliminated without introducing confradiction to
the data set.

In other words , core attributes have the essential
information to make correct classification for the data
set.

Example 3.3

Consider the data as shown in table (1} in question
concern modeling of the energy for unfolding of a
protein{tryptophane synthas alpha unit of the
bacteriophage T4 lysozome., where 7 coded amino
acids (AAs). The (AAs) are described in terms of
three aitcbutes : al = PIE and a2 = PIF {iwo
measures of the side chain lipophilicity., a3 = DGR=
AG  of transfer from the protein interior to water
and d is the decision attribute.

Table (1) Original information systens; condition
attributes{al,a2,a3 }decision attribute {d}.

al a2 a3 d
X, | 023 [ 031 [ -055 | 85
X, -048 -0.6 0.51 8.2
X, -0.61 | -0.77 1.2 8.5
X, 0.45 1.54 - 1.4 11
X, -0.11 | -022 0.29 6.3
X, -0.51 | -0.64 0.76 8.8
X, 0.15 0.13 -0.25 10.1

First, getting the binary relation for each attribute
using the following relation ;

XRyy <>|ai(x)~ai(y)|<e i=123

for ai take £=10.5
SARXANE XXX I X XXX
SAGXII XXX XL DO X0 )
SR XX 0 )

Then we find the minimal base for each relation as
following;

Bm,, = {{X,,X4,X.,},{XZ,Xa,Xs},{X2,X6},{X1,X,},{X5}}
Bm,, = {{Xz"XasX6}!{Xl:X'r}’{Xz’Xs}’{XJ’{Xs}’{X?}}
Bm,; = {{XZ,XE},{XS,X5},{){'5,)(5},{X,,X,},{X4},{X5}}
In order to caiculate the reduct and core we shall
find;
Bt ={{X2rxs} ’{Xﬂ'X } {X >X7} {X4}:{Xs}’{Xs}s{Xv}}
Bm, ={{erXvX } {X 7"{6} {X rX?}a{ 4}’{Xs ,{X,}}
WL aRs ARt P AR AR AR A
A o

B"m ={{Xsza},{Xs,Xs},{XuX REAREAREARL D)

Appling the first relation to obtain the binary relation

of d taking £=10.5

Sa = {0 X X L X X0 X XL XXX LX) X
Then finding minimal base of decision

Bm, ={{X=’X3'Xﬁ}={X11X2’X3=Xs}’{XvX::Xs}’{XvXJ}r{X7}={X4}1{Xs}}

The positive region for each subset of attribute with

respect to d are;

POSy, — (Bry)={X , X 3,X ;X s, X 6, X 4}
POS,,  (Bm,)={X1.X3,X X . X X1}
POS,, (Bm,)= (X5, X X X, X}

POS,, (Bm,)={X,, X, X XXX}

From the above; the reductis { {al, a2}, {a2, a3} }

and the core is {a2}.The reduced information system

can be viewed as a decision table (2).

Table (2) reduced information system; condition
atiributes{al, a2} decision attribute{d}.

al a2 d
X, 0.23 0.31 85
X, -0.48 -0.6 8.2
X, -0.61 - 0.77 8.5
X, 0.45 1.54 11
X, -Q.11 -0.22 6.3
X, -0.51 -0.64 8.8
X, [ 0.15 013 10.1

Reducts obtained by our methed is contained in the
reduct obtained using the Discernibility matrix, that
means the new approach gives more reduction.

4. CONCLUSIONS

Rough sets theory has been applied successfully in
many disciplines. One of the major limitations of the
traditional rough sets model in the real applications
the intersected classes so. In this paper, we have been
introduced a new model for rough set theory to solve
the problem of intersected classes and new definition
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for lower and upper approximation and a new
approach for finding core and reduct attributes.

Ouwr future work will be focusing on the
experiments of this model with large data set.
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