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ABSTRACT

On transforming to a Knapsack problem, an integer program (IP) can
be seen to have a particularly simple structure . This allows us to develop two
approaches for transforming an IP bounded variables into a Knapsack problem
in bounded variables .

1. First Approach :

Consider the integer program :

Max cz,ze S ={z| A4z =b,0 <z < U, z integer } , U is an upper bound for

z where A4, b, ¢, and z are mxn, mx1, Ixn, 1xn matﬁceé respectively .

Our intent here is to find weights w = (w; , ..., W), such that
T={rlwAz=wb, O<z<U, zinteger } =8§.

Since, T is described by one constraint _
Z (Z wga;j) z; ‘—f'Zaj:t_,‘ =b, = Zw;b;
J i J d
It follows that an IP in bounded variables can be solved as an equality

constraint Knapsack problem in bounded variables . We have to show that two
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constraints can be combined into one without changing the set of feasible solu-
tions . Then, by repeating combining the constraints two at a time, it is clear
that m constraints can be combined into one .

Consider the following two constraints :

n
Y ez —b =0
e | (1)
Eﬂjl‘j "_bgzﬂ )
1=1 . ,

and assume that the coefficients a; and §; , j = 1, ... , n are integers. Let

a
At =max Zaj-'l'j"bl , O<z; <Uinteger, j=1, .., n

s=1

n .
AT =min Zaj:cj -b, OLz; <U;integer, §=1, .., n
=1

Define &} = maz{0, a;} and o] = min{0,a,} , we have A* = El afU; - b
1=
and A~ = ]gl a;Uj — b . Let A =maz {A*, |- A}

Lemma 1.1 :
The integer vector z°, O < z° < U is a solution to (1) if and only if

n
> (aj + kpBj)z} — by — kby = 0, where k is any integer satisfying |kf > A .
1=1

2. Second Approach :

In this method, we show how to transform an IP problem (with a system

of linear equations) to a single linear equation problem in the following theorem.

Lemma 2.1 : (Glover[2])

Consider a system of two equations :
7
$1 = E a1;%4 = b] .
oy ()

%
§9 = Z G2, T; = b
7=1
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where all coefficient a;; , b; are integers, and at least one of b, and b, is not zero.
Let wy and wy be relatively prime (nonzero) integers . If there exists at least

one nonnegative integer solution to (2), then every nonnegative integer solution

to

wysy + w;‘;82 = Wy bl + U)gbg (3)

is a nonnegative integer solution to (2), and conversely, provided that
w1a15 + Wwokys 2 ’bl’alj - bla2jl (4)

for j = 1, ..., n and (4) holds as a strict inequality for jeJ, where J is any

nonempty subset of {1, ... , n} such that all nonnegative solutions to (3) satisfy

z; > 0 for at least one jin J .
The lemma implies that w; and w; be chosen so that wqb;+wyb; >0.

Also by (4) the coefficient in (3) (i.e. wyay; +waaz;, j =1, ..., n) are nonneg-
ative . Thus, every nonnegative integer solution to (3) must have z,; > 0 for at
least one j where its coefficient in (3), wyay; + wpa,; is positive . Consequently,

the set J can consist of those j for which wyay; + waay; >0 .
3. Example :
Cunsider the followiug integer programuning problem :

Mex Z = 21 +22 +23

subject to
21+ 2+ T3+ T4 =6, )
£, 4+22,+ 23 +25 =6, _ (6)
z1 4+ 22 + 223 +xe =6, '_ - Y]
)+ 22+ 23 + z7=4, (8)
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and
71 <3,2,<3,23<3, 2, <6, 25 <6, 26 <6, andzr < 4,
z; > Ointegers, j=1,..,7.
Method 1.

First to solve our example by the first approach,

For equation (8),

At =1(3)+1(8)+1(3) +1(4)~4=9 _
A—=Ug3)+ﬂg3)+0(3)+0(4§—4:_4 }=$x\=9-—-=>k_.10.

Combining with eq. (7) we have,

T, + 2o+ 23+ 27+ 10(zy + 25 + 223 + 26) = 4 + 6(10) =

1127 + 11z2 + 2123 + 1026 + 27 = 64 (9)

_ For equation (6),

74

At=12, A" =6 = A=12 =k =13.

Combining with eq. (9) we have, -

144z, + 14522 + 274z + =5 + 130z + 1327 = 838 (10)

For equation (5),

AT=12, 1" =-6 =A=12 = k=13.
Combining with eq. (10) we have,
1874z, + 188622 + 356323 + 24 + 1325 + 169026 + 16927 = 10900

Thus the corresponding Knapsack problem is in the form,
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Max 1+ 29+ 73

s.t. 1874z, + 18862, + 356323 + 24 + 1325 + 169026 + 16927 = 10900
and z; > 0 and integers, j =1, ..., 7,
213, 2,53, 2353, 24<6,25<86,15<6,andzy<4.
Method 2.

Now, our example can be solved by the second method as follows :

The initial system is :

var. | i T9 T3 4 Ty T 7 b
Eq.
Gy |2 1 i 1 0 0 0 6
6) |1 2 1 0 1 0 0 6
(7) 1 1 2 0 0 1 0 6
I ) |1 1 1 0 0 0 1 4
To combine equations (5) and (6), let J = {1, ..., 5} and by (4) we have:
J | [boar; = byay,] Equatiomtty
1 6 2wy +wy > 6
2 6 wq + 2!!)2 >6
3 0 witwe >0
4 6 w; > 6
5 6 we > 6
Let wy; = 7, and w, = 8, we have,
var. | o, zs z3. Ty Zs Z¢ Ty b
Eq.
1y |22 23 15 7 8 0 0 |90
(m {1 1 2 0 0 1 ] 6
() |1 1 1 0 0 o 1 4

To combine (11) and (7), let J = {1, 2, ..., 6} and again use (4)

we obtain:
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J | |ba1, — byayy) Equation (4)
1 42 2w, + w, > 42
2 48 23wy + wy > 48
3 90 15w, + 2w, > 90
4 42 Twy >42=—=w; > 6
5 48 8wy >48=—=w; > 6
6 90 wy > 90
Taking w; = T, and w, = 91, we have:
var. | z; Z T3 T4 Zs Ze z7 b
Eq.
(12) 245 252 287 49 56 91 1176
(8 1 1 1 0 0 0 1 4
To combine (12) and (8), let J = {1, 2, ..., 7} and again use (4) we
obtain:
J | |baa1; — bragy| Equation (4)
1] 196 245w, + w, > 196
2 168 252w; + wy > 168
3 28 287w, + w, > 28
4 196. 49w; > 196 = wqy > 4
5 224 56wy > 224 => wy > 4
6 364 91wy > 364 == w; > 4
7 1176 w, > 1176

Take wy, = 5, and wy = 1177 .

Thus the corresponding Knapsack problem is in the form,

Maz z+ 2o+ 23

s.t. 2402z + 3437z + 261223 + 245z, + 28025 + 45526 + 117727 = 10588

. <
z; 2 0, and integers,j =1, .., 7, and
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4. Conclusion :

From the previous r;uggested two approaches, the IP may be transformed
inte a Knapsack problem .. The deduced problem can be solv-ed as an ordi-
nary Knapsack problem . The transformation is worthwhile only if the deduced
Knapsack problem is easier to solve than the original IP . The drowback of this
approach is that, the coefficients result from the aggregation process may appear

relatively large .
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