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ABSTRACT 

On transforming to a Knapsack problem, an integer program (IP) can 

be seen to have a particularly simple structure . This allows us to develop two 

approaches for transforming an IF' bounded variables into a Knapsack problem 

in bounded variables . 

1. First Approach : 

Consider the integer program : 

Max c x ,  xc S = {s 1 Ax = b ,  0 5 x 5 U, x integer)  , U is an upper bound for 

x where A, b, c, and x are mxn, mxl, lxn, lxn matrices respectively . 

Our intent here is to find weights w = (wl , ... , w,), such that 

T = {xlwAx = wwb , 0 _< x 5 U , x integer ) = S . 

Since, T is described by one constraint 

It follows that- an IP in bounded variables can be solved as an equality 

constraint Knapsack problem in bounded variables . We have to show that two 
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constraints can be combined into one without changing the set of feasible solu- 

tions . Then, by repeating combining the constraints two at a time, it is clear 

that m constraints can be combined into one . 

Consider the following two constraints : 

and assume that the coefficients a j  and , j = I ,  ... , n are integers. Let 
R 

A+ = m a z  x y x j - 4 ,  0 2 %  <Lr, i n t e g e r ,  j =  1, ..., n 
] =1 

n 

A' = man x a j x j  - b1 , 0 < tl 5 U, integer , j = 1, ..., n 
]=I 

and A- = C a;Uj - bl . Let A = mox {A+, I - AI) 
]=I 

Lemma 1.1 : 

The integer vector xo, 0 5 so 5 U is a solution to (1) if and only if 
n 
C (aj + kpj)x: - b, - k& = 0 , where k is any integer satisfying Ikl > A . 
]=I 

2. Second Approach : 

In this method, we show how to transform an IP problem (with a system 

of linear equations) to a single linear equation problem in the following theorem. 

Lemma 2.1 : (Glover[2]) 

-. Consider a system of two equations : 



where all coefficient a,, , b, are integers, and at least one of 4 and b2 is not zero. 

Let wl and w2 be relatively prime (nonzero) integers . If there exists at least 

one nonnegative integer solution to (2), then every nonnegative integer solution 

is a nonnegative integer solution to (2), and conversely, provided that * 

for j = 1, ..., n and (4) holds as a strict inequality for j c J ,  where J is any 

nonemptg subset of {I ,  ... , n} such that all nonnegative solutions to (3) satisfy 

x, > 0 for at least one j in J . 

The lemma implies that wl and w2 be chosen so that wlbl+w2b2 >O. 

Also by (4) the coefficient in (3) (i.e. wlal,  + ~ 2 a ~ j  , j = 1, ..., n) are nonneg- 

ative . Thus, every nonnegative integer solution to (3) must have x, > 0 for at 

least one j where its coefficient in (3), wlal ,  + w2a2, is positive . Consequently, 

the set J can consist of those j for which wlal ,  + wza2j > 0 . 

3. Example : 

Max Z = xl + xa + x 3  

subject to 

2x1 + T:, + 53 + 34 = 6 ,  (5 )  
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and 

X j  2 0 integers, j = 1, ..., 7 .  

Method 1. 

First to solve our example by the first approach, 

For equation (a), 

Combining with eq. (7) we have, 

For equation (6), 

Combining with eq. (9) we have, 

For equation ( 5 ) )  

AS = 12, A- = -6 =$- X = 12 k = 13 . 

-. Combining with eq. (10) we have, 

Thus the corresponding Knapsack problem is in the form, 

74 
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M a x  2.1 + 52 + 23 
sat .  1874x1 + 1886x2 + 3563x3 + i- 13x5 $ 1 6 9 0 ~ ~  + 369x7 = 10900 

and x, 2 0 and integers, j = 1, ..., 7 , 

Method 3. 

Now, our example can be solved by the second method as follows : 

The initial system is : 

To combine (11) and (?), let J = (1, 2, ..., 6) and again use (4) 

To combine equations (5) and (6), let J = (1, ..., 5) and by (4) we have: 

we obtain: 

X 

b 

6 
6 
4 

var. 

Eq. 
( 5 )  
16) 
(7) 
(8) 

2wl + wz > 6 
WI+ 2 ~ 2  > 6 
W l  + w 2  > 0 
W I  > 6 
W? > 6 

J 

1 

2 

3 
4 
5 

xl 22 53 54 55 26 57 

2 1 1 1 0 0 0 
1 0 1 0 0 1 2 

1 1 2 0 0 1 0 
1 1 1 0 0 0 1 

6 
6 

0 
6 
6 



obtain: 
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Equation (4) 
22wl + w2 > 42 
23wl + w2 > 48 
15wl + 2w2 > 90 

Taking wl = 7, and w2 = 91, we have: 

1 var. XI 2 2  5 3  2 4  x 5 2 6  2 7  I b l  

To combine (12) and (8) ,  let J = 11, 2 ,  ..., 7) and again use ( 4 )  we 

Thus the corresponding Knapsack problem is in the form, 

M a x  X I  + 5 2  + 3 3  

Equation (4 )  
2 4 5 ~ 1  + ~2 > 196 
2 5 2 ~ 1  + ~2 > 168 
2 8 7 ~ 1  + wz > 28 
49wl > 196 wl > 4 
56wl > 224 ==+ wl > 4 
91wl > 364 ==+ wl > 4 
wz > 1176 

J 
1 

2 
3 

4 
5 
6 

7 

< 
2, 2 0 , and integers, j = 1, ..., 7 , and -. 

lake wl = 5 ,  and w2 = 1177. 

b a l ~  - h a s  I 
196 
168 
28 
196 

224 
364 

1176 
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I 4. Conclusion : 

?&om the previous suggested t w o  approaches, the IP may be transformed 
I 

into a Knapsack problem . The deduced problem can be solved as an or&- 

nary Knapsack problem . The transformation is worthwhile only if the deduced 

Knapsack problem is easier to solve than the original TP . The drowback of this 

approach is that, the coefficients result from the aggregation process may appear 

I relatively large . 
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